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Abstract. Geometric quantization often produces not one Hilbert space to repre- 
sent the quantum states of a classical system but a whole family Hg of Hilbert spaces, 
and the question arises if the spaces Hs are canonically isomorphic. [ADW] and [Hi] 
suggest to view Hs as fibers of a Hilbert bundle H, introduce a connection on H, 
and use parallel transport to identify different fibers. Here we explore to what ex- 
tent this can be done. First we introduce the notion of smooth and analytic fields of 
Hilbert spaces, and prove that if an analytic field over a simply connected base is flat, 
then it corresponds to a Hermitian Hilbert bundle with a flat connection and path 
independent parallel transport. Second we address a general direct image problem in 
complex geometry: pushing forward a Hermitian holomorphic vector bundle E ^ Y 
along a non— proper map Y ^ S. We give criteria for the direct image to be a smooth 
field of Hilbert spaces. Third we consider quantizing an analytic Riemannian mani- 
fold M by endowing TM with the family of adapted Kahler structures from [LSz2] . 
This leads to a direct image problem. When M is homogeneous, we prove the direct 
image is an analytic field of Hilbert spaces. For certain such M — but not all — the 
direct image is even flat; which means that in those cases quantization is unique. 



1. Introduction. 

At its simplest, geometric quantization is about associating with a Riemannian 
manifold M a Hermitian line bundle L — )■ X and a Hilbert space H of its sec- 
tions. In Kahler quantization, L is a holomorphic Hermitian line bundle and H 
consists of all square integrable holomorphic sections of L. One often knows how 
to find L, except that its construction involves choices, so that one really has to 
deal with a family Lg — )■ Xg of line bundles and Hilbert spaces Hg, parametrized 
by the possible choices s & S. The problem of uniqueness is to find canonical uni- 
tary maps Hg — )■ Ht corresponding to different choices s 7^ t — or rather projective 
unitary maps, the natural class of maps, since only the projectivized Hilbert spaces 
have a physical meaning. There are various solutions to this problem, the first 
the Stone-von Neumann theorem [Stl, vNl], long predating geometric quantiza- 
tion. It applies whenever two Hilbert spaces carry irreducible representations of 
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the canonical commutation relations; if so, there is a unitary map, unique up to a 
scalar factor, that intertwines the two representations. However, the Hilbert spaces 
that geometric quantization supplies do not carry such representations unless the 
manifold to be quantized is an affine space. In geometric quantization there is the 
Blattner-Kostant-Sternberg pairing [Bll-2,Ko2], which sometimes gives rise to the 
sought for unitary map, but even in simple cases it may fail to do so [R]. 

In the early 1990s Hitchin in [Hi] and Axelrod, Delia Pietra, and Witten in 
[ADW] considered a situation when the possible choices s form a complex manifold 
S. They proposed to view the Hg as fibers of a holomorphic Hilbert bundle H ^ S, 
introduce a connection on H, and use parallel transport to identify the fibers Hg 
and Ht- To see how parallel transport along a path from s to t depends on the 
path, they computed the curvature of the connection. The curvature turned out 
to be a scalar operator. Hence [ADW, Hi] concluded that parallel transport is, up 
to a scalar factor, independent of the path, and yields the required identification 
Hs ~ Ht. Hitchin quantized compact phase spaces, his Hilbert spaces were finite 
dimensional and his reasoning is mathematically rigorous. [ADW] is bolder, quan- 
tizes noncompact and even infinite dimensional manifolds (affine spaces and their 
quotients). This leads to infinite dimensional Hilbert spaces and worse, and the 
paper, from a mathematical perspective, is not fully satisfactory even when the 
manifolds to be quantized are finite dimensional, as we now explain. 

The general set up is as follows. Consider a holomorphic submersion n:Y ^ S 
of complex manifolds with fibers 7r~^s — Yg <ZY, which are complex submanifolds. 
Let u he a smooth form on Y that restricts to a volume form on each Yg, and let 
{E, h^) — > y be a Hermitian holomorphic vector bundle. To keep the discussion 
simple we assume that dimy, dim 5", and rk i? < oo, although what really matters 
here is only that the fibers Yg should be finite dimensional. Finally, let Hg de- 
note the Hilbert space of holomorphic L^-sections u oi E\Ys, m the sense that 
Jy h^{u)iy' < oo. 

The quantization procedure in [ADW] leads to a very special case of this set 
up. There the line bundles {E\Yg, h^) can be smoothly identified and the Hilbert 
spaces Kg of all LP' sections of E\Yg can be considered as fibers of a trivial Hilbert 
bundle K ^ S. This is done quite naturally, because [ADW] forgoes the half-form 
correction. If the half-form correction is included, the identification of various E\Yg 
becomes less natural, although still possible. In each fiber oi K ^ S sits a subspace 
iifs, and [ADW, bottom of p. 801] asserts that the Hg form a subbundle H C K. 
As far as we can tell, the paper offers no justification for this, nor an explanation of 
what is meant by a subbundle. The next step is the definition of a connection on H, 
through its connection form (pp. 803-805). In ordinary situations, connection and 
connection form determine each other once a (local) trivialization of the bundle, in 
this case H, is fixed. The situation at hand is not ordinary though, because no local 
trivialization of H is available a priori, and the connection form must refer to the 
trivialization of K. But this connection form and the connection V it determines 
are also not ordinary. It is quite clear that if a smooth section of K is covariantly 
differentiated along a smooth vector field, the result in general will not be a section 
of K. The most one can hope for is that if a smooth section of K happens to take 
values in H, then its covariant derivative will be a smooth section of H; [ADW, last 
paragraph on p. 803] verifies this, but only under the implicit assumption that the 



LASZLO LEMPERT AND ROBERT SZOKE 



3 



derivative is a smooth section of K. In fact, at this point it is conceivable that zero 
is the only section of K that can be differentiated. — Accepting, nevertheless, that 
V can be applied to a large space of sections, its curvature can be computed, and 
turns out to be a multiple of the identity operator (on each fiber Hg). This brings 
us to the last couple of questions: knowing that an out-of-ordinary connection V 
is projectively flat, will its parallel transport be independent, up to a scalar, of the 
path? Even more fundamentally, does V determine a parallel transport? 

When affine symplectic spaces are quantized, all the above issues can be settled 
satisfactorily. One can either use the formulas in [W, Section 9.9], attributed to 
Rawnsley, or the results of Kirwin and Wu, [KW]. The first is based on the BKS 
pairing, the second on the Bargmann-Segal transformation. While it is certainly 
pleasing to realize that the BKS pairing and the Bargmann-Segal and Fourier 
transformations can be interpreted geometrically as a result of parallel transport, 
justifying [ADW] through [W, Section 9.9] and [KW] beats the original purpose of 
the connection: if both the pairing and the Bargmann-Segal transformation already 
identify the spaces Hg, why bother defining the connection and studying its parallel 
transport? Put it differently: will the connection proposed in [ADW] shed any 
light on the uniqueness problem when the BKS pairing fails to provide the unitary 
identifications and no explicit integral transformation like that of Bargmann-Segal 
is available?* This is the question that we address and partially answer in this 
paper. 

Most of the paper revolves around the general set up described earlier, a holo- 
morphic family 7t:Y — > S of complex manifolds, a Hermitian holomorphic vector 
bundle E ^Y, and the Hilbert spaces Hg of holomorphic L^-sections oi E\Yg. We 
ask whether one can endow the collection {Hs}s^s with the structure of a Hilbert 
bundle and a connection on the bundle; furthermore, whether the connection in- 
duces a path independent parallel transport. That is, we are trying to understand 
the direct image of E under tt. We emphasize that tt is not assumed to be proper. 
If it is, Grauert's theorem [Gr] describes the holomorphic structure of the direct im- 
age, and many papers, including [Be3,BP,BF,BGS,MTl-2,T] reveal some aspects 
of its Hermitian structure; the most recent related work seems to be [Sch]. However, 
the chief difficulties we encounter here arise when tt is not proper. Some examples 
of improper direct images have already been studied, see [Bel-2] . 

It may seem futile to consider completely general Y ^ S and E, as the spaces 
Hg in general will not form a bundle and in fact will not have any extra structure 
at all. Still, certain constructions are always possible, and it is only this generality 
that guarantees that the constructions to be performed are natural. In favorable 
cases the constructions lead to what we call smooth and analytic fields of Hilbert 
spaces. These fields are analogous to Hermitian Hilbert bundles with a connection, 
but the notion is quite a bit weaker. Part I of the paper is devoted to fields of 
Hilbert spaces; the main results (Theorems 2.3.2, 2.4.2, 5.1.3 and Corollaries 2.3.3, 

*A connection, closely related to the one in [ADW], and its parallel transport are studied in 
[FMNl-2]. These papers go beyond affine spaces. They consider a one real parameter family 
of polarizations of the cotangent bundle of a compact Lie group, a connection on the bundle of 
the corresponding quantum Hilbert spaces, and express parallel transport through Hall's general- 
ization of the Bargmann-Segal transformation [Hal-2]. This again justifies the definition of the 
connection a posteriori, but says little about the uniqueness problem that has not been known 
since [Ha2]. 
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2.4.3) say that if an analytic field of Hilbert spaces has zero, resp. central, curvature, 
then it is equivalent to a Hermitian Hilbert bundle with a flat, resp. projectively 
flat, connection. In Part II we turn to the direct image problem and discuss the 
constructions that, in favorable cases, endow the direct image with the structure of 
a smooth field of Hilbert spaces. We also provide criteria for this to happen, and 
express the curvature of the field in terms of the geometry of Y and E. Finally, in 
Part III we test the general results obtained so far against geometric quantization 
of a compact Riemannian manifold M, when quantization is based on so called 
adapted Kahler structures. The scheme leads to a direct image problem, and in 
some, very symmetric cases it turns out that the direct image is a flat analytic 
field of Hilbert spaces; cf. Theorems 11.1.1 and 11.3.1. Hence parallel transport 
provides the natural identification of the quantum Hilbert spaces corresponding 
to different Kahler structures. In many other cases it is not known whether the 
criteria in Part II are met, and it is not known if the direct image is a smooth field 
of Hilbert spaces. Finally, in yet other cases the direct image is an analytic field of 
Hilbert spaces, but the curvature is not zero (nor a multiple of the identity), see 
subsection 11.4 and Theorem 12.1.1. This suggests that while for very symmetric 
M the original prescription of Kostant and Souriau — perhaps amended with the 
half-form correction — does achieve uniqueness of quantization, for less symmetric 
M further corrections are to be made. What these corrections should be we do 
not know. However, in 12.2 we apply the test of uniqueness to distinguish between 
two methods of quantization in the presence of symmetries. Suppose a mechanical 
system S admits a group G of symmetries. Factoring out the symmetries on the 
classical level means passing to the quotient of the configuration space by G, or 
more generally, to the Marsden-Weinstein reduction of the phase space. Factoring 
out the symmetries in geometric quantization can be achieved in two ways, though: 
either by quantizing the classical quotient, or by first quantizing S and then in the 
resulting Hilbert space passing to the subspace of vectors fixed by G. In subsection 
12.2 we give examples where the second method achieves uniqueness while the first 
fails to do so; this suggests that the second method is preferred. 

The adapted Kahler structures Yg associated with the Riemannian manifold 
M, and therefore the induced quantum Hilbert spaces Hg are parametrized by 
points in the upper half plane 5" C C. Whenever a parameter is introduced in a 
quantization scheme, the suspicion arises that it has to do with varying Planck's 
constant. Here it has indeed. The Kahler manifolds Yg are all biholomorphic to a 
fixed one, {X,uj), but the biholomorphism maps the Kahler form of Ys to u/lms; 
this is the content of (10.3.4). Therefore Ims plays the role of Planck's constant, 
and from this perspective the paper deals with the question to what extent the 
space of quantum states is independent of Planck's constant, or how the quantum 
state space varies as Planck's constant varies. One should bear in mind, though, 
that even when the quantum state space does not, the quantum counterparts of 
the classical observables do vary with Planck's constant. 

I. Fields of Hilbert spaces 

2. Hilbert bundles and fields of Hilbert spaces. 

2.1. Hilbert bundles. Since this notion is used rather liberally in the subject. 
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it will be reviewed here to fix the terminology. Given Banach spaces X, Y over the 
reals and U C X open, a map f:U ^ F is if 

(2.1.1) df{x;0 = lim 

exists and defines a continuous function U x X ^ Y. If df is one says / is C^, 
and so on. Smooth maps are the ones that are for all n. A Banach manifold 
is a HausdorflF space M with an open cover il and homeomorphisms (pu of U e ii 
on open subsets Vu C Xjj of Banach spaces; the compositions cpu' ° V^jj^ should 
be smooth where defined. C"^-maps between Banach manifolds M, M' are defined 
using the charts (pu.^'w The set of C"^ maps M ^ M' is denoted C'^{M;M'), 
and when M' = C, simply C"^(M), with n = oo corresponding to smooth maps. 

A smooth (always complex) Hilbert bundle is a smooth map p: H ^ S of Banach 
manifolds, each fiber p~^s, s E S, endowed with the structure of a complex vector 
space; for each s E S there should exist a neighborhood U C S, a complex Hilbert 
space X, and a smooth map (local trivialization) F:p~^U — )■ X, whose restriction 
to each fiber p~^t, t E U is linear and difi'comorphic. A subset K G H is a 
subbundle if above U, X, and F can be chosen so that F{K np~^t) — Y for every 
t e U, where y C X is a closed subspace. In this case K ^ S inherits the structure 
of a Hilbert bundle. Smooth sections of a Hilbert bundle and the sum H' © H" 
of Hilbert bundles H\ H" — )■ S are defined as in finite dimensions. The space of 
smooth sections is denoted C°°{S, H). 

A (smooth) Hermitian metric on a Hilbert bundle H ^ S is a function h: H (B 
if — )■ C; it is required that the local trivializations F:p~^U — ?> X discussed above 
can be chosen so that h{u,v) = {F{u), F{v)) for u,v E p~^t, t E U, where (,) 
stands for the inner product of X. Our convention is that (, ) and so h are C-linear 
in the first argument. 

Let Vect S denote the Lie algebra of smooth complex vector fields on S. (In all 
that follows S will be finite dimensional, so we need not worry about how exactly 
vector fields are defined in infinite dimensions.) The action of ^ e Vect S on Banach 
valued functions f:U^Y,UGS open, is denoted A connection V on a Hilbert 
bundle H ^ S associates with every ^ e VectS" a linear map V^: C°^{S, H) 
C^{S,H). It is required that for every local trivialization F:p~^U — > X there 
should exist a smooth map A:C<SiTU — > EndX, linear on the fibers C(8)Tst/, such 
that on U 

FiV^if) = ^F{ip) + A{OF{ip), if e C^{S,H). 

Here EndX is the Banach space of continuous linear operators on X, endowed with 
the operator norm. Thus A is an End X valued form on U, the connection form of 
V in the given local trivialization. The connection is flat, resp. projectively flat, if in 
some neighborhood of every s E S there is a trivialization in which the connection 
form is 0, resp. takes values in scalar operators. These are equivalent to requiring 
that the curvature operator V^Vr, — V^^V^ should be 0, resp. multiplication 

by a function r{^,r]) E C°°{S). If H has a Hermitian metric h, V is said to be 
Hermitian if 

Chi<f,i(;) = hiV^<f,i(;) + hi<f,W^), ^EVectS, <f,i(;EC°°iS,H). 
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Holomorphic Hilbcrt bundles are defined analogously. When X, Y are complex 
Banach spaces, and U G X is open, /:[/—)■ y is holomorphic if df{x;^) defined 
in (2.1.1) is not only continuous but also complex linear in ^ e X. This implies 
/ e C°°{U; Y). Given the notion of holomorphy, complex manifolds and holomor- 
phic Hilbert bundles over them are defined as their smooth counterparts, except 
"smooth" is replaced by "holomorphic" throughout. 

2.2. Fields of Hilbert spaces. In most respects, Hilbert bundles behave very 
much like finite rank bundles. However, the type of direct images discussed in the 
Introduction are rarely Hilbert bundles, and even when they are, it is impossible to 
prove this directly. Fields of Hilbert spaces are looser structures that direct images 
are more likely to be. We proceed to define them and formulate the main results 
that connect these weaker structures with Hilbert bundles. 

Definition 2.2.1. A field of Hilbert spaces is a map p: H ^ S of sets, with each 
fiber Hg — p~^s endowed with the structure of a Hilbert space. 

This, of course, is such a weak notion that it borders the useless. Something 
that goes for it is that any direct image considered in the Introduction has this 
structure. We shall presently see variants of this notion, with more structure. For 
the time being, note that one can talk about sections of a field of Hilbert spaces: 
these are maps (p: S ^ H with (p{s) e Hg. Sections constitute a module over the 
ring of all functions ^ C in an obvious way. The inner products on the fibers, 
taken together, define a function 

h:H®H ^C, where H ® H = Hs®Hs. 

ses 

If V E H, we also write h{v) for h{v, v) (and we do likewise with Hermitian metrics 
on Hilbert bundles). By the restriction of — )■ 5 to a subset U G S is meant the 
field H\U = p-^U 4 5 of Hilbert spaces. 

Definition 2.2.2. Let jS be a smooth manifold. A smooth structure on a field 
H ^ S of Hilbert spaces is given by specifying a set r°° of sections of H, closed 
under addition and under multiplication by elements of C°^{S), and linear operators 
V^:r°° ^ r°° for each ^ e VectS', such that for ^,77 e Vect,5, / e C°°{S), 

(2.2.1) V^+, = + V„ = /V^, V^(/^) = m<p + fV^<p; 

(2.2.2) h((p,iP) e C°°(S) and ^h{(p,iP) = h{V^ip,ip) + h((p,V^); 

(2.2.3) {(p{s): if e r°°} C Hs is dense, for all s e S. 

The collection V of the operators is called a connection on H. — The anal- 
ogous, but cruder notion of "continuous field of Hilbert spaces" was invented by 
Godcmcnt in 1951; and even earlier von Neumann introduced what now are called 
"measurable fields of Hilbert spaces", [D,Go,vN2]. In addition to these, the def- 
inition above was motivated by a suggestion of Berndtsson, made in 2005 in an 
email to the first author, that the bundle-like objects that arise from direct images 
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should be studied through a dense family of their sections, rather than through 
local trivializations. 

For brevity, fields of Hilbert spaces (with a smooth structure) will be called 
(smooth) Hilbert fields. Fix a smooth Hilbert field H ^ S. 

Lemma 2.2.3. If (fji/j & T°° agree in a neighborhood of some s & S, then so do 
V^<^ and V^V'- 

Proof. Let / e C°^{S) be near s and 1 in a neighborhood of supp {ip — Then 
near s 

v^<p - v^v = v^(/(^ - V')) = mi^ - V') + /v^(^ - V') = 0. 

For this reason, if U G S is open, the Hilbert field H\U U has a natural 
smooth structure given by r°°|?7 = {flU: (p G r°°} and V[/ defined by restriction. 

The curvature R of H ^ S is defined by 

^(e, v)^ = (V^V^ - V^V^ - V[^,^])(^, e, ^ e Vect S, e r~, 
and H is called flat if = 0, i.e. i?(^, 'r])(fi = for all ^, ry, (f. 

Lemma 2.2.4. (i) i?(^, 77)99(5) depends only on ^(s), 77(5), and(f{s), hence induces 
a densely defined operator on Hg, denoted R{^{s),ri{s)). 

(ii) The adjoint of R{$,{s),r]{s)) is an extension of —R{^{s),f]{s)). In particu- 
lar, the adjoint is densely defined, and so i?(^(s), ?7(s)) is closable. 

Proof. From its definition one checks that R{^,r]) is C°°(S')-bilincar in ^,77. Any ^ 
that vanishes at s can be written fjCj with fj{s) = 0, whence R{^,r]){p{s) = 
follows if ^(s) = 0; and similarly if r]{s) — 0. This implies that as far as ^ and rj are 
concerned, R{^,r])(p{s) depends only on ^{s),r]{s). Next apply (2.2.2) repeatedly, 
to obtain for (p^ip e T°° 

(2.2.4) = (^r)-r)C- [e, 7]])h{ip, ^) = h{R{i, r,)^, ^) + h{v, RH 77)^)- 
By the density condition (2.2.3) the rest of (i) and also (ii) follow. 

Our main concern will be flat flelds and bundles. The following is a key definition: 

Definition 2.2.5. A trivialization of a smooth Hilbert field H ^ S is a, map 
T: H —f V , with V a Hilbert space, such that T\IIg is unitary, s & S, and for 
^ e r~, ^ e Vect ,5 

(2.2.5) T^peC^{S;V) and T(W ^ip) ^ ^T^. 

If H ^ S has a trivialization, it is fiat, but to prove the converse more needs to 
be assumed, namely that H is analytic. 

2.3. Analytic Hilbert fields. Let if —t- 5" be a smooth Hilbert field over a 
(real) analytic manifold S. Write Vect'^S' C Vect 5 for the Lie algebra of analytic 
vector fields. 
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Definition 2.3.1. (i) A section 99 G T°° is analytic if for any compact C G S and 
any finite set S of vector fields, analytic in a neighborhood of C, there is an £ > 
such that 

(2.3.1) sup - /i(V^„...V^,¥.)(s)^/2<oo, 

where the sup is taken over n = 0, 1, . . . , e S, and s E C. The set of analytic 
sections is denoted C T°°. 

(ii) H ^ S is an analytic Hilbert field if {(p{s):(p e T^} C Hg is dense for all 
seS. 

If — > 5 is analytic and U C S is open, then clearly H\U is also analytic. 

Theorem 2.3.2. Let H ^ S be an analytic Hilbert field. 

(i) If S is connected, T: H ^ V andT': H ^ V' are trivializations, then T' — tT 
with a unitary riV^V. 

(ii) If S is simply connected and H is fiat, then H has a trivialization. 

Corollary 2.3.3. Let H ^ S be a flat analytic Hilbert field. Then there are a 
Hermitian Hilbert bundle K —f S with a flat connection and a map F: H ^ K , 
unitary between the fibers Hg, Kg, such that for (p G r°° and ^ G VectS 

Fif G C°^{S, K) and F(V^(p) = VfF^p. 

Moreover, if K' ^ S is another flat Hermitian Hilbert bundle and F':H — )■ K' is 
like F, then F' o F~^: K ^ K' is a connection preserving isometric isomorphism. 

The proof of the Corollary is left to the reader. 

Proof of Theorem 2.3.2 (i). Let || || denote the norm of V . Iterating (2.2.5) gives 

(2.3.2) T{V^^...V^M=in...iiTv. 

This implies that Tip: S ^ V is analytic when ip . Indeed, it can be assumed 
that S <zM.'^ is open. Let S C Vect'^'S' consist of coordinate vector fields 5i, . . . , 5^. 
If C C 5 is compact, then by (2.3.1-2) 

n! 

the sup over n = 0, 1, . . . , G S, s G C, so that Tip is analytic. Similarly, T'(p is 
also analytic. 

Now fix So G 5 and define a unitary map r = T' {T\Hs^^)~^: V ^ V . If G A 
and ^1, . . . , G Vect 5", then at sq 

Cn . . . Ci^V = r'V^„ ...V^,ip = tTV^„ . . . V^,¥^ = Cn . . . ^irTip. 

Since the derivatives of rTip and T'ip agree at sq, rTip — T'ip everywhere. By 
density tT = T' then follows. 
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The proof of the existence part is harder. The main idea is easiest to explain when 
S = R'^. Then the group G = M*^ acts on 5" by translations, and for any Hilbert space 
V also on the space L^{S; V) of F-valued L^-functions, by puUbacks. Identifying 
the Lie algebra of G with G-invariant vector fields on 5, the differential of the 
latter Hilbert space representation is the densely defined Lie algebra representation 
Q X L'^{S; V) 3 /) 1-^ Under a trivialization H ^ V of a Hilbert field the G- 
action on L'^{S; V) corresponds to a unitary representation on a Hilbert space of 
sections of H, whose differential is the algebra representation 5 x 9 (/?) V^(/?. 
The proof of Theorem 2.3.2(ii) will proceed in the reverse direction: the Lie algebra 
representation Q x T°° 3 (p) i-> V^<^ will be integrated to a unitary representation 
of G, from which the trivialization of H will then be constructed. The details will 
take up sections 3, 4, and 5. For the time being we note that in Theorem 2.3.2 
the analyticity assumption cannot be relaxed to mere smoothness. The following 
example emerged in a conversation with Larry Brown. 

Example 2.3.4. There is a flat smooth Hilbert held H ^ that cannot be 
trivialized. 

Indeed, let U C IR*^ be open, X a positive dimensional Hilbert space, and Hg = X 
if s eU, Hs = {0} if s eR'^\U. Then H = UseR" ^ is a Hilbert field, 
whose sections can be identified with functions (p:W^ — >■ X, vanishing outside U. 
Let 

r~ = {v? e C^{W^-X): supp </? C U}, 

and V^</? = This defines a smooth structure on i/, which cannot be trivialized 
unless U = % oyW^. 

2.4. Projective flatness. A smooth Hilbert field H ^ S is called projectively 
flat if the curvature operator R{^,ri):T°° — )■ T°° is multiplication by a function 
r(^, r/): 5' — > C. In this case one also says that the curvature is central. 

The function r(^, rf) is necessarily smooth, because for (f^ij^^ T°° 

It is pure imaginary when ^,77 are real, since R{^,r]) is skew-symmetric (Lemma 
2.2.4). Like 77(5)), r{^,rj){s) depends only on ^(s) and r]{s). Hence r is a 

2-form, in fact a closed 2-form, as one computes directly from the definitions (the 
point is that R satisfies the Bianchi identity). 

As with bundles, a simple twisting will reduce projectively flat smooth Hilbert 
flelds H ^ S to flat ones. Suppose r is not only closed but exact. There is 
a smoothly trivial Hermitian line bundle L — > 5' with Hermitian connection 
whose curvature is — r, see e.g. [W, Proposition (8.3.1)]. The twisted Hilbert fleld 

L(^H=Y[Ls®Hs^S 

ses 

has an obvious smooth structure given by T^^^ = {X^ip: \ G C°°{S, L), ip E r°°}, 

V^®^(A (8) <^) = (VfA) (g) + A (8) V^(p; 
and one computes that L®H has zero curvature. If H is analytic, so will he L®H. 
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Definition 2.4.1. A projective trivialization of a smooth Hilbert field H ^ S is 
a map T: H ^ V , with V a Hilbert space, such that T\Hs is unitary for s & S, and 
with some 1-form a on S, for all </? G r°° , ^ G Vect 5" 

G c^{s- V), r(v^^) = + a(OT^. 

If has a projective trivialization, then it is projectively flat, its curvature 
R{^,r]) being multiplication by da{^,rj). Further, if T is a projective trivializa- 
tion, then T' ^ f - T wiU be another one, with any f e C°°{S), |/| = 1. The 
corresponding 1-form is a' = a — df / f . 

In view of the above twisting construction, one can deduce from Theorem 2.3.2: 

Theorem 2.4.2. Let H ^ S be an analytic Hilbert field. 

(i) If S is connected, T: H ^ V and T':H — >■ V' are projective trivializations, 
then T' ^ f ■ (tT), with / G C°°(5) and t:V unitary. 

(ii) Suppose the curvature R{^,r]) of H is multiplication by r{^,r]), and r is 
exact. If S is simply connected, then H has a projective trivialization. 

The significance of Theorems 2.3.2 and 2.4.2 for the uniqueness problem is the 

following. Suppose H ^ S is a (projectively) flat analytic Hilbert field, 5" is con- 
nected and simply connected (and if^(5', M) = 0). Then the trivializations in 
Theorem 2.3.2, resp. 2.4.2, provide a way to identify the fibers of H canonically 
(resp. canonically up to a scalar factor). 

Theorem 2.4.2 in turn implies 

Corollary 2.4.3. Let H ^ S be a projectively fiat analytic Hilbert field. There 
are a Hermitian Hilbert bundle K ^ S with a projectively flat connection and 
a fibered map F: H ^ K , fiberwise unitary, such that for ip G and ^ G VectS 

Fif G {S, K) , F( V^v?) = Vf Fv?. 

Moreover, if K' ^ S and F': H ^ K' are like K and F, then F' o F'^-.K K' 
is a connection preserving isometric isomorphism. 

3. Fundamentals of analysis in Hilbert fields. 

Fix a smooth Hilbert field H ^ S. 

3.1. Completion. Let U (Z S he open and (fj a sequence of sections of H\U. 
We say that (fj converges to a section (p (almost) everywhere or (locally) uniformly 
if h{ipj — <^) — > in the corresponding sense. The following is obvious: 

Lemma 3.1.1. If — > p> and ifjj ifj in any of the four senses indicated, then 
(pj + i^j (fi + il^ and h{(pj, ifjj) — )■ h{(p, ^tp). 

Denote by T^{U) the C(t/)-module of those sections (p of H\U that are locally 
uniform limits on U of ipj G r°°. Further, denote by T^{U) the C^([/)-submodule 
of those ip G T^{U) for which there are (pj G r°° such that (pj\U — >■ ^p locally 
uniformly, and for every ^ G Vect U 

(3.1.1) V^<pj\U converges locally uniformly. 

Clearly, it suffices to require (3.1.1) for ^ in a family S C Vect S that spans C<SiTU. 
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Lemma 3.1.2. The limit in (3.1.1) depends only on (f, not on (pj. 
Proof. With ^ er°° 

^h{ipj,ip) = h{V^(pj,ip) + h{(pj,V^). 

As j — )■ oo, the right side tends to a continuous hmit, locally uniformly on U, 
therefore so does the left hand side. It follows that h{(p, ip) G C^{U) and 

^h{ip,^) = lim/i(V^v?j, V) + h{v, V|^). 

Hence the limit here is independent of (fj, and the density assumption (2.2.3) implies 
the claim. 

U (fi e r^(C/) and (fj are as above, put V^(fi = limV ^(fij\U e r°(t/). The 
operator 'S/^:T^{U) — )■ T'^{U) has the properties described in (2.2.1-2) (except that 
only h{(p,'ip) e C^{U) is guaranteed for (p,ip E T^{U)). In what follows, we will 
drop the superscript U and just write V^:r-^(?7) — >■ T^{U). 

The C"(C/)-modules r"(C/) forn e N can now be defined inductively: (p e r"(C/) 
if(/?, V^V? e r^-i(t/) for alU G VectU. The C~(t/)-module r~([/) = On'^'^iU) D 
T°^\U together with V\T°^{U) define a smooth structure on the Hilbert field H\U. 
Given ^i, ^2, • • • G Vect S and a compact C G U, 

\Mc,i^,...,U =max/i(V4^ ...V^,<^)^/^ 

is a seminorm on T°°{U) and r"(t/), provided m < n. These seminorms turn 
r°°(t/) and r'^{U) into locally convex topological vector spaces. The spaces are 
in fact Frechet, because countably many seminorms suffice to define the topology, 
and because they will be complete, as one shows by a simple diagonal argument 
forn = 1 and by induction forn > 1. The operation of C°°{U), C^(t/) on T°°{U), 
r"'(t/), given by (/, (p) i-> f(p is continuous, so these spaces are continuous modules. 

A section (p e T^{U) satisfying V^<^ = for all ^ e Vect U is called horizontal. 

Lemma 3.1.3. If U is connected and V' £ r^(t/) are horizontal, then h{ip,'^) is 
constant. 

Proof. Indeed, ^h{(p, if;) = /i(V^(/?, •0) + ^ip, V^) = 0. 

3.2. Sobolev norms. Fix a smooth volume form X on S and a finite S C Vect S 
that spans the tangent bundle of 5". If (/? e r"(5'), put 

(3.2.1) Ml = Yl I MV€^...V^,^)A<oo, 

s 

where the sum is over < m < n and G S. The Sobolev "norm" || ||n depends 
on the choice of A and S, but if a compact C C 5 is fixed, for sections supported 
in C different choices lead to equivalent norms. 
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Lemma 3.2.1. Given a compact C G S, there is a constant a such that with 
d = dimS and^eV^iS) 

max/i(^) < a\\ip\\l. 

(This is weaker than the usual Sobolev inequality, where d could be replaced by 
any n > d/2, but it will do for our purposes). 

Proof. A partition of unity will reduce to the case when S' = R^, A = dxiAdx^A. . . , 
S consists of — d/dxj, j = 1,... ,d, and ip is compactly supported. Since 
/(^) = I-oo I-lo---iU--- ei/)A for compactly supported / e C"^(<S), 

sup I/I < / kd-.-Ci/IA. 

s Js 

Putting / = h{(fi) and repeatedly using Leibniz's rule (2.2.2), the Lemma follows. 

3.3. Analyticity. This subsection revolves around the notion of uniform ana- 
lyticity. Consider a smooth Hilbert field H ^ S over an analytic base S. 

Definition 3.3.1. Let C C 5" be compact and F and A families of functions, 
resp. sections of H, each smooth in a neighborhood of C. Then F, resp. A, is 
uniformly analytic on C if, given a finite family S of vector fields, analytic in a 
neighborhood of C, there is an £ > such that for / G F, resp. (p E A, 

(3.3.1) sup— |Cn---6/(s)l < oo, resp. sup— /i(V^„ ...V^i^)(s)^/2 < oo, 
n! n! 

the sup over n — 0,1, . . . , G S, and s e C. A family A C is uniformly analytic 
if it is uniformly analytic on every compact C (Z S. 

Lemma 3.3.2. Let F be a family of functions analytic in a neighborhood of a 

com,pact C G S . 

(i) If F is finite, then it is uniformly analytic on C. 

(a) If F is uniformly analytic on C , F' G F is finite, and r. is a finite family of 
vector fields, analytic in a neighborhood of C , then there are constants a, depending 
only on F, and b, depending only on F' , such that for fj e F' , e S 

max|^,...ei(/^---/i)| <n!a-6-. 

In particular, polynomials of elements of F also form a uniformly analytic family 
on C. 

Proof, (i) It suffices to prove for F = {/} a singleton. If on a neighborhood of 
C there are analytic coordinates xi,. . . ,Xd and S = {d/dxfj = 1, . . . ,d}, then 
(3.3.1) is the definition of analyticity of /. If the vector fields in S are linear combi- 
nations of d/dxj with analytic coefficients, then (3.3.1) follows from [N, Theorem 
2 and Corollary 3.1]. Indeed, by Theorem 2 the family {d/dxj-.j = 1, . . . ,d} "ana- 
lytically dominates" S; when this is fed into Corollary 3.1, the conclusion becomes 
the first estimate in (3.3.1). Finally, an arbitrary C is the union of finitely many 
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Ci, each contained in a coordinate neighborhood, so that F is indeed uniformly 
analytic. 

(ii) By assumption there is a ^ > 0, depending only on F', such that 

(3.3.2) max|^,...^i/| <n!£-"/3 for / e F'. 

o 

Introduce the following notation for / = {ii < ^2 < . . . < ik}'- 

(3.3.3) Vz = Ve,^ . . . V^,^ , f = h,---h,. 

Then Cn • • • Ci(/m • • • /i) = J2i^Jmfm){^Jm-ifm-i) ' ' ' (Cji/i), the sum taken over 
all partitions Ji U . . . U = {1, . . . , n}. By (3.3.2) 

max ICn • • -aam • • • /i)| < • • • I = 



ki\ - ■ ■ km^. 

ki + ...+km=n 

where the multinomial coefficient counts the number of partitions with \Ji\ = ki>0. 
There are 

''n + m — V 
m — 1 



< 2 



terms in the last sum, which then is < n!(2/£)"(2/3)'^. 

Lemma 3.3.3. Let C <Z S he compact, F a uniformly analytic family on C , S 

a finite set of vector fields, analytic in a neighborhood of C , and Z a finite set of 
linear combinations of elements of S, with analytic coefficients. Suppose £ > 0, 
A C , and for every ip ^ A 

(3.3.4) sup - /i(V^„...V^,^)(s)^/2<oo, 

the sup taken over n — 0, 1,... e S, and s E C. Then there is a d > 
such that for every i/j in the vector space spanned by /V,,^ . . . Vrji'P, where f G F, 
m = 0,1, ... ,rjj & E, and (p & A, 

(3.3.5) sup - /i(Vc„...Vc,V)(s)'/'<oo, 
the sup taken over n = 0,1, . . . ,Cj & Z , and s & C. 

Proof. First, assume that each Q G S. It suffices to deal with t/j of form t/j = ftp, 
where f E F and (p E A, because (p' — V^^ . . . V^j(/p also satisfies (3.3.4) with e 
replaced by any e' < s. Using notation (3.3.3) 



Vc„...Vc,(M = J](C//)Vj<^, 
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the sum is over partitions /UJ = {1, . . . , n}. It can be assumed that the e's in the 
first estimate in (3.3.1) and in (3.3.4) are the same. Denoting by o; a number that 
dominates both suprema, on C 

/i(Vc„ ...Vci(/^))'/^ <Y^ae-\^\\I\\ae-\J\\J\\ = ^a'e-''k\{n - k)\(^\ 

I, J k=0 ^ ^ 

< (n + l)!a2£--. 

It follows that (3.3.5) holds with 5 = e/2. 

Second, assume that ip = (p e A. There is a finite family F' of functions analytic 
in a neighborhood of C such that each <^ G Z is a sum of vector fields of form 
/ G F', ^ G S. It suffices to check (3.3.5) when the Q are of form fj^j, fj G F, 

G S. We prove by induction that 

(3.3.6) V/„g„ . . . Vf,^,^ = Yl f'iUf"-') ■ ■ ■ {Uf')^J.^, 

where in the sum Yii — Yii Jj — {1? • • • ? ^^1; -(7 7^ 0; and each partition ]J Jj 
occurs at most once. Suppose this is true for n — 1, i.e., 

(3.3.7) V/„_,^„_, . . . V/,^,^ = E/'na/''=-^) • • • Vj,<^. 
Applying V/„^„ = /nV^„, each term on the right gives rise to 

(3.3.8) +r''' iuf'-'mnj^.j'"-') 

where nl and nJ stand for {n} U / and {n} U J. Every term here is indeed of form 
f^'-{ij'if^^^^) ■ ■ ■ Vj^</?, the Jj 7^ partition {!,... ,n}, and in (3.3.8) no partition 
is repeated. Moreover, knowing {J[, ... , J(}, the unique {J/., . . . , Ji} in (3.3.7) can 
be located that gave rise to it. Thus (3.3.6) is verified. 

Choose a, h as in Lemma 3.3.2, and let a denote the supremum in (3.3.4). It can 
be assumed that ea = 1. If in (3.3.6) the partitions U are grouped according 
to the cardinalities \ Jj\ — Uj > 0, each group will contain at most n!/(ni! • • -n^!) 
partitions. Hence 

^(V/„^„ • • • Vm,^)^/^ < ^al^^l+-+l^^l6l^^l+-+l^^l«£-l^^l| J,|! • . • I Ji|! 



n! 



= a 

ni+n2 + ...=n 



nil ■ ■ -nfc! 



The last sum has 2" ^ terms, which means that 5 = l/(2a6) satisfies (3.3.5). 

Thus (3.3.5) has been proved in two special cases. By combining the two, the 
Lemma is obtained in general. 
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Corollary 3.3.4. To prove that A C r°° is uniformly analytic on C, it suffices to 
check Definition 3.3.1 for a single S C Vect^S, as long as S spans C TS. 

The next result will not be needed until section 9. Briefly, it says that an analytic 
Hilbert bundle with an analytic connection gives rise to an analytic Hilbert fleld; 

and the same for Banach bundles and Banach fields. Let (23, || ||) be a Banach 
space and A:C^ TS — )■ End® an analytic map, linear on each C (g) TgS. Thus A 
is a connection form, and determines a connection D on functions / G C°^{S; 23): 

Dd = e/ + AiOf e C^{S; S), e e Vect S. 
In other words, D is a connection on the trivial bundle S x ^ ^ S. 

Lemma 3.3.5. Given a finite S C Vect^S, a compact C d S, and an analytic 
f:S^^, there is an e > such that 

(3.3.9) sup — \\D^^...D^J{s)\\ <oo, 

the sup taken over n = 0, 1, . . . , e S, and s & C. 

Proof. First consider the complex version, where 5' is a complex manifold, A and 
/ are holomorphic, and S consists of holomorphic vector fields of type (1,0). Since 
the issue is local, S can be taken an open subset of C^, and it can be assumed 
without losing generality that each ^ G S has length < 1. There are a 5 > 
and a neighborhood U C S oi C such that each vector field ^ G S has a flow 
g^ = (7* defined on U, for complex time t, \t\ < Sq. This means that g^ maps U 
biholomorphically into C'^, g^s depends holomorphically on (s,t), g'^ — idu, and 
dg^s/dt — ^{g^s) (in particular, ^ is holomorphic on g^U). Next define holomorphic 
functions P^ = P^:U — > End 03, \t\ < 5q, by the initial value problem 

dP\s)/dt = P\s)A{^{g^s)), P^{s) = id*B, seU. 
Then P\s) is holomorphic in {s,t), and for / e C°°{U; 03) 

d{P\s)f{g's))/dt = {dP\s)/dt) fig's) + P\s){UWs) = DJ{s), 
when t = 0. Using this with ^ = e S and iterating, forseU 



ti=...=t„=o 
where 

(3.3.11) p*i-*»(,) ^ P^^2i^)pl--_l(gly) . ..Pll{gl . . .g\ls). 

Choose a positive 5 < min{5o, dist{C,dU)}. Since each has length < 1, it 
follows by induction that ii \ti\ + . . . + \tn\ < then g'^" . . .g'^^{C) is inside the 
(|ti| + . . . + |t„|)-neighborhood of C, in particular, inside U . Choose a > so that 

ll/(s)||, \\Pl{s)Und^ < a, when ^ e S, \t\ < 6, 



(3.3.10) 



d'^P''-'-{s)f{gl^^...gll) 
dti... dtn 
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and s is in the ^-neighborhood of C. Then ||-P*^"'*" • • < a"^"""^ for 

s G C and \tj\ < 5/n, in view of (3.3.11). By Cauchy's estimate (3.3.10) indeed 
imphes 

\\D^^ . . . D^J{s)\\ < a-+\n/Sr < n!a(aeV5)" 

The lemma, as stated for real analytic objects, follows from the complex analytic 
version by passing to a complexification of S and extending to it A, /, and ^ G S 
holomorphically. 

4. Harmonic analysis in Hilbert fields. 

4.1. Localization. To construct the trivialization claimed in Theorem 2.3.2 we 
will proceed locally. Fix a flat analytic Hilbert field H ^ S. Also fix a relatively 
compact open U (Z S so that analytic coordinates xi, . . . ,Xd exist in a neighborhood 
of U and 

U^{se S:\xj{s)\ < 7r/2, j = 1,... 

The main result of this section is Lemma 4.5.1, which asserts that through every 
point of H\U there is a horizontal section. To prove the Lemma we will construct 
and study a certain representation of on a Hilbert space of sections. 

4.2. The group action. Let rjj — {cos^ Xj)d / dxj E Vecf^U. The coordinates 
i/j — tanxj identify U with R*^, whence rjj = d/dyj generate an action of the Lie 
group G = IR*^ on U, denoted {g.,s) i-> gs. The elements of the Lie algebra of G 
will be identified with real linear combinations of the rjj, so that S = {rji, . . . jTjd} 
is a basis of g. Given a Hilbert space X, both G and g act on function spaces 
C~(C/; X), by puUback and differentiation; G also on C"(t/; X) and on L°°(C/; X). 
These actions will be denoted {g, f) gf and (^, /) i-> Finally, g acts on T°°\U 
by (^, (p) ^ V^<^. Flatness means that this action is a Lie algebra representation, 
and our first order of business is to integrate it to a representation of G on a suitable 
Hilbert space. To achieve this we make the following assumption: 

Hypothesis 4.2.1. There is a uniformly analytic subspace A C T°° that is dense 
in T°° in the topology ofT°°{S). 

Until subsection 4.5 this hypothesis will be assumed, and we fix the space A. We 
also fix < £o < 1/4 so that for (p E A 

(4.2.1) sup -^max/i(V^„ ...VgiV?)^/^ < oo, 

the sup over n = 0, 1, . . . and G S. 

Let r = Yli cosxj and A = dyi A dy2 A . . . = dxi A dx2 A . . . /r^, a G-invariant 
volume form on U. Let furthermore 

= {rifi\U: ifi G r°°} and Aq = {rifi\U: if G A}. 

Since r^A < oo, on Fg^ 



{i;,e)= [ hii;,e)x, uf= [ h{^)\ 

Ju Ju 
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define a pre-Hilbert space structure, whose completion is denoted (io, || ||). 

Hypothesis 4.2.1 imphes that Aq C is dense. — To every <^ G there corre- 
sponds a section of H\U, uniquely determined almost everywhere. For if ipj e Tq^ 
and — fjW — > 0, then a subsequence (fj,, will converge a.e. to a section (f>' , as 
in the proof of the Riesz-Fischer theorem, and the limit is independent of the sub- 
sequence, a.e. (The details of this argument can be found in [Go, Section 7 or D, 
Chap. II, §1].) In what follows, (p will be identified with the section (p'. Then {(p, ip) 
can be computed as Jjj '0')A. We say that 99 G is continuous or smooth if 
there is a ip e T^{U) or ip e T°°{U) such that (p = ip almost everywhere. 

Lemma 4.2.2. Ifipj e T^{U)nSj, ipj ip in and (pj ip in T'^{U), then (p = ip 
a.e. 



Proof. With an arbitrary compact C C U 



lim / h{(pj — (p)X — lim / h{(pj — ip)X = 0, 
3 Jc 3 Jc 

hence h{(p — '0)A = and (p = i/j a.e. 

Lemma 4.2.3. If^j G S then . . . ^ir)/r = p extends smoothly to a neighborhood 
ofU and \p\ < nl2'^ on U. 

Proof. Write p = Pni^), then pn satisfies the recurrence 

, , dpn-i(x) o / \ . -r ^ / 1 \ 9 

Pn{x) = ^ COS Xj — Pn-l{x) SmXj COSXj, it ^„ = (COS X^ 



dXj ' r-'.-.v-/ J ----j^ V Q^, 

Hence pn is a trigonometric polynomial of degree 2n, indeed extends past U , and 
by Bernstein's inequality [Na, p. 90] m.ax.\dpn-i/ dxj\ < 2{n— l)max|p„_i|. Thus 

max Ip^I < 2nmax |p„_i| and max |p„| < n!2". 



It follows from Lemma 4.2.3 that for ^ e g the operators leave Fq^ invari- 
ant and define a representation of g on ^3 by operators with domain Fq^. This 
representation will be denoted {^,(p) ^ ^(f. 

Lemma 4.2.4. The operators ^ are skew symmetric on Sj: {^(pjip) = —{(pj^ip) for 
Proof. Suppose first that (p, ip have compact support in U. Since A is ^-invariant 
Ju Ju 

For general (p,ip, let / G C°°(M^) be compactly supported and equal to 1 in the 
unit ball. Then = f{y/m) G C^{U) and are uniformly bounded, — > 1 
and ^fm — >■ pointwise. Hence replacing (p,ip by fm<fi, fm'^i cind letting m — >■ 00 
the claim follows. 
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Lemma 4.2.5. With Sq from (4-2.1), for all ij) & Aq 

(4.2.2) sup-2-sup/i(e„...^iV')^/^ < oo and sup • • • ^iV'll < oo, 

n! u n\ 

the two unspecified sups taken over n = 0, 1, . . . and e S. 
Proof. If If ^ A and ip — r(p\U, then 



sup sup/i(V^„ . . . V^^f/?)^/^ = q; < oo. 



In view of Lemma 4.2.3, on U this gives the following estimate (below the first two 
sums are over partitions I U J = {1, . . . , n}, and we use notation (3.3.3)): 

/.(V^„ ...Va(r^))^/2 < J2mir)VM'^' < 
< ^r2l^l|/|!a£ol'^l|J|! = ^ r2'' klae^-'' {n - k)! Cf\ < 2arn!£o 

k=0 ^ ^ 

Hence the first sup in (4.2.2) is finite. So is the second, since ||Cn • • • CiV'lP = 
lu • • • {np))r-^dxi Adx2A.... 

We have to discuss smooth and analytic vectors. Given a representation of a Lie 
group G on a Banach space OS, G ^ is smooth, resp. analytic (for G), if the map 
G 3 g ^ g(f e 55 is such. Analytic vectors occur in another context as well. Given 
a finite collection Z of operators on 03, Nelson in [N] calls 97 e 05 analytic for Z if 
there is an £ > such that 

£" 

(4.2.3) sup — llCn-.-CiV^II® < 00, 



n! 

the sup taken over all n = 0, 1, . . . and Q e Z; it is understood that (p must be 
in the domain of Cn ■ • - Ci- (Here we paraphrased Nelson's definition but the two 
versions are equivalent.) More precisely, if (4.2.3) holds, </? is called an £-analytic 
vector. Lemma 4.2.5 says that all ifj E Aq are £o-analytic for S. 

Denote the exponential map — )> G by exp, and the Euclidean norm on g M*^ 
by I |. Thus S is an orthonormal basis of q. 

Theorem 4.2.6. (i) The Lie algebra representation ^ C<p of Q on S) can be 

integrated to a unitary group representation. That is, there is a (unique) unitary 
representation {g, (p) g(fi of G on Sj such that for every ^ € 5 the operator 

(4.2.4) ^^^V=^^'"^'^^'' 



dt 



with domain the smooth vectors of G, has the same closure as ^ S). 

(a) This closure, cl(^), is skew-adjoint and is given by (4.2.4) except that its 
domain consists of all (p for which the derivative exists. 
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(Hi) Put cl(S) = {c\{'r]):rj e S}. Then every e-analytic vector for cZ(S) (in 
particular, every i/j G Aq) is an analytic vector for G and satisfies 

oo 

(4.2.5) (expOV' = cKO'V'/n! if \^\ < e/d. 

n=0 

Proof. This is all contained in Nelson's paper [N]. Lemmas 4.2.4-5 and the density 
of ^0 are the hypotheses of [N, Lemma 9.1]. The conclusion of Lemma 9.1 is 
(i). (To reconcile Nelson's notation with ours, see [N, (7.2)].) The closure of the 
operator ^ is still skew-symmetric, and has a dense set of analytic vectors, namely 
Aq. These facts imply by [N, Lemma 5.1] that the closure is skew-adjoint. On 
the other hand, according to Stone's theorem [St2], (4.2.4), for all (f e for which 
the derivative exists, defines a skew-adjoint operator which clearly contains ^; 
hence cl(^) C But if a skew-adjoint operator contains another, the two must 
be equal, which proves (ii). That analytic vectors for cl(E]) are analytic vectors for 
G is one half of [N, Lemma 7.1]. Finally, if ^ = Sj=i tjijj e g, then the right hand 
side of (4.2.5) is 

oo 
n=0 

The series represents an analytic function of tj when + . . . + < £, for in 
norm it is termwise dominated by a constant times the series 

oo oo 

E E ■ ■ ■ tj. \e-^ = 5](|ti I + . . . + \td\re- < oo. 

n=0 n=0 

Therefore the right hand side of (4.2.5) is an analytic function of ^ when |^| < e/d, 
and we have already seen that the left hand side is also. For (p e Domcl(^)"^ 

l^^<^ = (exp«)clK)'V 

follows by induction. Hence the two analytic functions in (4.2.5) agree because they 
agree to infinite order at ^ = 0. 

Lemma 4.2.7. If ^ e Q and (f G r^([/) nDomcl(^), then cl{^)(f — V^(fi a.e. 

Proof If f e C^{U) is compactly supported and V e T°°{U), then fip e T^. 
Hence Theorem 4.2.6 implies 

(4.2.6) / 7/i(cl(0<^,V')A= (cl(Ov',/V') = -(v^,cl(0(/^)) 
Ju 

= - [ /i(v^,V5(/^))A= / h{V^^J^P)X^ [ 7/i(Ve^,V')A. 
Ju Ju Ju 

Therefore h{c\{$,)(p,ijj) = h{V ^Lp.ij)) a.c. By density, this is true also for all ij) e 
r°(C/), in particular for ij: = V^<^, and so a.e. 
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In other words, h(S/^(p) < h{cl{^)ip), whence V^v? E S3 . If in (4.2.6) we now take a 
suitable sequence / = /n — )■ 1, it follows that (cl(^)<^, -i/') = (S ^'^^d, again by 
density, c\{^)ip = V ^ip as elements of S^. 

4.3. i5 as an L°°(?7)-module. If <^ e ^ and / e L°°{U), an element f(peSj 
can be defined as follows. There are ipj G and uniformly bounded functions 
fj G C°°([/), trigonometric polynomials in the Xj coordinates, such that (fj (p 
in S) and fj f a.e. on U. Then 

fm- fjfj = fii<Pi-<p) - fji<Pj -<p) + ifi- fj)'P^O as ij^oo 

in i^. Therefore fjfj has a limit in Sj, to be denoted /</?, clearly independent of the 
choice of fj, ipj. The map (/, </?) h- )■ /(/p makes a continuous L°°(C7)-module. 

Lemma 4.3.1. The G -representation on S) is compatible with the L°° (U) -module 
structure: g{f<p) = {gf){g<p) if f e L°°{U), ^ G i^. 

Proof. It suffices to prove when / is a trigonometric polynomial in the Xj coor- 
dinates, ip E Aq, and g = exp^, where ^ G is small. Thus (p is an £o-analytic 
vector for S, and fip is a 5-analytic vector for cl(S) by Lemmas 3.3.2-3, with some 
5 G (0,£o) independent of (p,f. If |^| < 5/d, by Theorem 4.2.6 and Lemma 4.2.7 
indeed 

g{f^) = J2 VF(/^)/n! = E E (fc) (eV) Vr V/n! = 

n n k ^ 

k I 

Unitary representations of G on L°°(t/)-modules are easy to classify. Let K 
be a Hilbert space, and consider the Hilbert space ^ = of maps U ^ K. 
Pointwise multiplication turns R into an L°°([/)-module, and pull back defines a 
unitary representation of G on it, compatible with the module structure. 

Lemma 4.3.2. There are a Hilbert space K and a unitary G-isomorphism I: ^ = 
S) that respects the L°°{U)-module structures. This I is pointwise isometric: 
iftpe^nC^{U;K) andip = Itp eT^{U), then h{(p)^/^ = llV'Ik- 

Proof. This is really a form of von Neumann's theorem on representations of the 
canonical commutation relations. A projective unitary representation of G x R'' fa 
R^^ can be defined on Sj by 

(4.3.1) {g,T)ifi = e'^ygif, geG, (r,) G ry ^J^^jVj, 

where yj = tanxj are the coordinates onU ^ R^. Using Lemma 4.3.1 one computes 

{9,T){g',r')(p = ii{g,T'){gg',T + T')(p; 

here the multiplier ij,{g, t') — e^'^ ^^^"^ E C, a E U denoting the point with y{o) — 0. 
Hence von Neumann's uniqueness theorem implies that the are a Hilbert space K 
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and a unitary G x M'^-isomorphism I: ^ — — ^ ^ (the G x M'^-representation on 
^ is given by (4.3.1), with gip denoting pull back), see [vNl] for d = 1 and, e.g., 
[F, p35] in general. In particular, / is a G-isomorphism. Further, ii ij) ^ ^ then 
(id, t)'0 = e'^'^^ip, hence with / = e*"^^ 

(4.3.2) lifi;) = fli;. 

The same follows for finite linear combinations f = afcC*^*'^, and by Weierstrass' 
approximation theorem, for all / e C{U) that have d independent periods. Since 
any / e L°°{U) is the a.e. limit of a uniformly bounded sequence of fj £ C{U), 
each having d independent periods, (4.3.2) holds for all / e L°°{U). 

Next, let So ^ and let fg G L°°{U) denote the characteristic function of the 
£-cube {set/: \yj{s) — j/j(so)| < s/2,j = 1, . . .d}. Then 

||^(so)lk = hm £-^/2||/,^|U and Mv')(«o)'/' = hm 
whence the rest of the claim follows. 

4.4. Horizontal sections. To construct horizontal sections in V°^{U) all one 
needs is to establish a certain smoothness property of the isomorphism / of Lemma 
4.3.2, or of the L°°(t/)-module io. Let dg denote Haar (= Lebesgue) measure on 
G ^M!^. What we will need is 

Lemma 4.4.1. With a compactly supported f G C°^{G) and (p & consider the 
Riemann integral 

(4.4.1) / f{g)g<pdg = F{<p) 

JG 

in S). Then F{(p) e T°°{U), and the map F:Sj^ T°°{U) is continuous. 

We start with an aiixiliary result. Let Go = {exp^: |^| < So/d} G G. 
Lemma 4.4.2. If g e Gq and ip e Aq, then gip G T°°{U), and with G S 

(4.4.2) V^^...V^M-em---eM 

(^j defined in (4-2. 4))- Moreover, the map Gq 3 g ^ gijj G T°°{U) is continuous. 

Proof. Let g = ^W^itjVji where ^ \tj\ < Sq. Applying V^^ . . . V^^ termwise to 
the right hand side of 

oo 
n=0 

gives 

oo 

(4.4.3) SI • • • ^JnCm . . . ^iVji ■ ■ ■ Vu'^/n\. 

n=0 
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By Lemma 4.2.5 this series is dominated at every s E U by a, constant multiple of 



Therefore (4.4.3) converges uniformly, gip G r°"{U), and V^^ . . -V^j^gip is given by 
(4.4.3), as a series in T°°{U). Since . . .^[gip is given by the same series, except 
the series is considered in S), (4.4.2) follows by Lemma 4.2.2. Finally, domination 
by (4.4.4) shows that (4.4.3), as an element of r*^(C/), depends continuously on the 



tj, whence the last claim of the lemma follows. 



Proof of Lemma By a partition of unity and by translation in G the proof 

can be reduced to the case when supp/ C Go- Assume this, and let if^ E Aq. By 
Lemma 4.4.2 f{g)gif)dg exists also as a Riemann integral in r°°(t/), hence (using 
again Lemma 4.2.2) -F(V') G r°°([/). Let ^i, . . . G S. Since the integrand in 
Jg /(fi')^?m • • • ^ £.i9i^ dg is continuous as a function G — )■ r°°(C/), 



Vu...v^,F(^)= / /(^)Ve^...v^, 

Jg 



gipdg 



follows by looking at Riemann sums. The latter is by (4.4.2) 

Qm 



f{9)^'m---^i9'^dg = 

Q Oil • • • Otm 



ti=...=tm=0 JG 



fi9)i9e^P^tj^j)i^dg; 



here the integrals and derivatives are considered in S^. The last integral is 
Jg f{9^^P ~ S ^jij)9'4^ dg, so that ultimately 

Ve^...Ve,F(V^) = ± / {U---U){9)9^dg, and 

Jg 

(4.4.5) \\Vu---^i.Fm<Cm\m, 

where Cm depends only on / and m. 

Now take an arbitrary (p e S^, and choose ipj G so that ipj — >■ (p. Clearly 
F{ipj) F{(f>) in Sj. (4.4.5) combined with the Sobolev estimate (Lemma 3.2.1) 
imply that F{ipj) form a Cauchy sequence in r°°(C/), whence F{(fi) = \im.F{ipj) G 
r~(C/). Also 

||V^^ . . . V^,Fi^)\\ < hminf IIV^^ . . . V^,F(V;,)|| < c^||<^|| 

J^OO 

by Fatou's lemma and by (4.4.5); from which the continuity of F:S^ — > T°°{U) 
follows by the Sobolev estimate. 

Now put 

a={l + yf + ...+ yl)-'' G C^{U) H L\U). 
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Lemma 4.4.3. Let K, ^, and I: ^ ^ be as in Lemma 4-3-2, and v E K. Then 
9 = L{av)/a e r°°(C/) is horizontal 

Proof. It is straightforward that ga/a e C°°{U) D L'^{U) and the map G 3 g ^ 
ga/a e C°°{U) is smooth. Since g{av) = {ga/a){av), (p = L{av) also satisfies 

(4.4.6) g(p = {ga/a)(p. 

Fix a compactly supported, nonnegative / e C°°(G), / ^ 0. By Lemma 4.4.1 

F{v)= I f{g)g^dg^^f f{g){ga/a)dgeT^{Uy, 
Jg Jg 

as the last integral is an everywhere positive function in C°^{U), also G r°°(t/) 
and 9 = (p/a e T°°{U). Next, the map G 3 g ga/a e L°°{U) is smooth, too, 
whence (4.4.6) shows that <^ is a smooth vector for G. Lemma 4.2.7 applies: if ^ e g 



^^^=dt 



exp(te)a=^, 



t=o 

2 



again using (4.4.6). Hence indeed V^^ = —(p($,a)/a + V^ip/a = 0. 

Lemma 4.4.4. Given s E U, there is a dense subset of Hg through every point of 
which passes a horizontal section 9 G r°^{U). 

Proof. It can be assumed that s = a. Let ipo G Aq, and K, ^, and /: — ;> be as 
in Lemma 4.3.2. Since (/jq is an analytic vector for G, so is i/' = I~^(fo; this implies 
ij e C{U;K). By Lemma 4.4.3 (p = I{a^{o)) G r°°(C/) and 9 = (p/a is horizontal. 
Lemma 4.3.2 implies — ail:{o)){o) — 0, so that 

9{o) = cp{o) = {L^){o) - L{^ - a^{o)){o) = Mo)- 

This proves the lemma because {(po{o): (po G Aq} C is dense. 

4.5. Horizontal sections, unconditionally. The results of subsections 4.2-4.4 
depended on Hypothesis 4.2.1. Now we drop the hypothesis and prove 

Lemma 4.5.1. Through every point of H\U there passes a horizontal 9 G r°°{U). 

Proof. The idea is to exhaust H by subfields that satisfy Hypothesis 4.2.1. 
Embed S as an analytic submanifold of some R'^ and fix a finite S C Vect'^S' that 
spans C ® TS. Let 5" C 5" be a relatively compact open neighborhood of U. Given 
£ > 0, let Be CT°°\S' consist of those (p er°°\S' for which 

sup — /i(Ve„...V^,^)(s)^/2 <(X), 

the sup taken over n — 0,1, . . . E E, and s E S' . Let furthermore A^ C r°°|S" 
be the vector space spanned by = / V^^ . . . V^^ (p, where / is the restriction to 
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<S" of a polynomial on M^, m = 0, 1, . . . , G S, and 99 G Bg. By Lemmas 3.3.2-3 
and by Corollary 3.3.4, is uniformly analytic on S' . Finally, for s G 5" let 

HI = {7/^(5):^ G A,}, and = n r°° 1 5', 

the first closure taken in Hg, the second in r°°(S"); and let H'^ = YiseS^s- 

Now ^ S' is a subfield of if|S" ^ S" and a {S')-modnle of its 
sections. Since VgF^ C for ^ G VectS", F^ defines a smooth structure on 
the Hilbert field H^, and the smooth Hilbert field — > S' thus obtained satisfies 
Hypothesis 4.2.1. Lemma 4.4.4 applies: there are dense subsets C H^, s G U, 
through every point of which pass horizontal sections 6 G F^(t/) C F°°(t/). But 
\j£>oHI C Hs is dense because Ue>o ^ Ue>o -^'^ ^ F'^jS" and H ^ S was 
analytic. Therefore IJe>o -^s -^s dense. 

To conclude, let s E U and f G Hg. There are horizontal 9j G F°°([/) such 
that ^(s) — )■ f . Lemma 3.1.3 implies the 9j form a Cauchy sequence in F°(t/); as 
they are horizontal, even in T°°{U). The limit 9 G r°°(C/) is also horizontal and 
9{s) = V, q.e.d. 

5. Trivializing Hilbert fields. 

5.1. In this section we fix a fiat analytic Hilbert field p: H ^ S over a simply 
connected base, and after some preparation prove Theorem 2.3.2(ii), in fact in a 
more precise form. First we globalize Lemma 4.5.1. 

Lemma 5.1.1. Through every point of H there passes a horizontal 9 G T°°{S). 

Proof. Consider open subsets U G S and horizontal 9 G F°°(t/). The sets 9{U) C H 
for all such pairs {U, 9) form a basis of a topology on , and with this topology 
p: H ^ S is a covering map. 

Indeed, the sets 9{U), even for cubes U considered in section 4, cover H by virtue 
of Lemma 4.5.1. Further, ifv e9'{U')n 9"{U"), and Uq C U' n U" is a connected 
neighborhood ofpv, then Lemma 3.1.3 implies h{9' \Uo — 9" \Uo) is constant, hence 0. 
Therefore v G 9'{Uo) C 9'{U') n 9"{U"); this is aU that is needed for the collection 
9{U) to be a basis of a topology. Next fix a cube U as in section 4 and let 

W ^ {9 er°°{U):9 is horizontal}, 

endowed with the discrete topology. Using Lemmas 3.1.3 and 4.5.1 one checks that 
the map 

U xW 3 {s,9) ^ 9{s) G H\U 
is a homeomorphism. Thus p is a covering map. 

Now the covering p: H ^ S is trivial, because S is simply connected. Since 
sections of this covering map are the same as horizontal 9 G T°°{S), the lemma 
follows. 

Lemma 5.1.2. Let V be a Hilbert space with inner product ( | ) and f G C'^~^{S; V), 
n = 1,2, . . . . If for every ^ G VectS there is an f^ G C'^~^{S; V) such that 



{f\9)eC^{S;V) and C{f\0) = {f^, 



9eV, 
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then f e C"(5; V) and C/ = 

Proof. Again, S = 'R'^ can be assumed. If x G C'^{S) is compactly supported, then 
X* f, X* ^ C'^iS-jV). With a constant vector field ^ and 9 eV 

iax * fm = ax * im) = x * eai^) = x * = (x * 

whence ^(x * /) = X * Choose a sequence of x = Xfc that approximate the Dirac 
measure at 0. Then Xfc * / ^ / and Xk* fi^ f$, in C"~^(5'; V). Furthermore 

C(Xfe * /) - C(X/ * f) = Xk * h - XI * h ^ 0, ask,l^ oo, 

also in C'^~^{S; V). Thus Xfc * / is a Cauchy sequence even in C'^{S; V), whence 
the claim. 

We are now ready to prove the existence part of Theorem 2.3.2, in the following 
stronger form: 

Theorem 5.1.3. Let S he a simply connected analytic manifold and H ^ S a flat 

analytic Hilbert field. There are a Hilbert space V and a map T: H —f V , unitary on 
each fiber Hg, such that a section (p of H is in T"'{S) if and only if Tip e C"'{S; V), 
n — 0,1, ... . Moreover 

^Tif = TV^if if C e Vects, e r\s). 

Proof. It can be assumed that 5" is connected. Let V be the vector space of hori- 
zontal sections in r°°(5'). By Lemma 3.1.3 h{(f, if)) is constant if & V. Denote 
this constant by {<p\ip); it is an inner product that turns V into a pre-Hilbert space. 
Given s E S, the map V 3 6 ^-^ 9{s) e Hs is linear, isometric, and, by Lemma 5.1.1, 
surjective. In particular, F is a Hilbert space. The inverse maps Hg — )■ V, put to- 
gether, define a fiberwise unitary map T: H ^ V . Clearly, T induces a bijection 
between sections of H and functions S ^ V. By the definition of T, if ^ e r°"{S) 
is horizontal, i.e., 9 E V, then T9: ^ ^ is the constant map = 9. 

To verify the properties of T, assume S — M.'^ with coordinates xi, . . . , Xd- Sup- 
pose Tip = P = Y^9jx'^ is a V^-valued polynomial, 9j e V. Then (p — Ylx'^9j G 
T°°{S), and 

(5.1.1) T(V^^ ...V^,^)=Cn. ..^iP, e Vect 5. 

Suppose next that Tip G C^{S; V). There is a sequence Pk of V^-valued polynomials 
tending to T(p in the C"-topology. If Pk = Tpk, then (5.1.1) shows that (pk is 
a Cauchy sequence in ^^{S). Also, ipk ^ ^p pointwise, hence (p G V^^S); and 
V^f^fe V^<^ pointwise, if n > 1. Therefore 

^T(p = \im.^Tp)k = limTV^t^fe = Tiy^p)). 

The converse implication will be proved by induction on n. Start with ip G r°(S'). 
Given So G S, let 9 = T(p{so), so that 9{so) = (p{so). Also 9 = T9{s) for s e S, 
hence || || denoting the norm on V 



\\Tp{s) - Tpiso)\\ = \\Tpis) - T9is)\\ ^ h{p{s) - 9{s)Y'^ ^ 
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as s — > So- In other words, T(fi is continuous. 

Suppose now that n > 1 and that V e ^"-^{8) imphes Tij) e C"-i(5;F). If 
if e r^(5') then f = T(f e C^-i(5; F). For any ^ e F and C e Vect ,5 

im = ^) e C^{S) and ^(/l^) = /i(V5V^, 9) = (/^|^), 

with = TV^ip e C"-i(;5;F). By Lemma 5.1.2 / e C^(5;F), and the proof is 
complete. 

II. Direct images as fields of Hilbert spaces 

In Part II we fix a surjcctive holomorphic submersion 7r:Y — > S of finite di- 
mensional complex manifolds; a smooth form i/ on Y that restricts to a volume 

form on each fiber = 7r~^s, s G 5*^^; and a Hermitian holomorphic vector bundle 
(E", h^) — )■ y of finite rank. Write Eg for E\Yg, and let Hg denote the Hilbert space 
of holomorphic L^-sections of Eg, with 

(*) h{u,v) — / h^{u,v)v, u,v e Hg, 

the inner product. The spaces Hg together form a Hilbert field H ^ S. The 
main question is under what conditions can H be endowed with a natural smooth 
structure. In section 6, under a mild condition on E we construct a C°^{S)- 
module of sections of H and a Hermitian connection V on it. Whether V°° 
and V indeed turn H into a smooth Hilbert field depends on whether T°° is dense 
in every fiber Hg, as required by (2.2.3). In section 7 we formulate geometric 
and analytic conditions that imply (2.2.3). The geometric condition bears on the 
fibration Y ^ S, and in practice is easy to verify. Among the analytic conditions 
the most fearsome concerns the Bergman projection of Eg and its smoothness as 
s varies. Whether the analytic conditions are satisfied for direct images that arise 
in geometric quantization is largely up in the air. Part III contains some positive 
results when the classical configuration space is a compact homogeneous space. 

6. Basic constructions. 

6.1. Notation. In addition to Hg it will be convenient to introduce the spaces 
Kg, consisting of smooth L^-sections of Eg. They constitute a field of pre-Hilbert 
spaces K = Wg^g Kg — )■ S; the inner products on K will still be denoted by h, 
defined by the same formula (*) as for H. Sections oi K are in one to one 
correspondence with sections $ of -E that are smooth and on each Yg, the 
correspondence being $(y) = <f{7ry){y), for y & Y. Write $ = or = $ to 
indicate </? and $ correspond. 

A lift of a smooth vector field ^ G Vect is a vector field ^ G Vect Y such that 
7r*^(y) = ^(7r(y)) for y eY. If ^ is of type (1, 0) or (0, 1), the lift | should also be. 
In spite of what is perhaps suggested by the notation, ^ is not determined by ^. 
Lifts of ^ = are the vertical vector fields. 



Un all that follows, only the restrictions !/|Ys will matter, so one could as well take to be a 
relative form on the fibration. The form u will be called a relative volume form. 
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The Chern connection on (i?, h^) will be denoted V^. That is, V"^ is Hermitian, 
and if C ^ Vect Y is of type (0, 1), then in any holomorphic local trivialization of E 
can be computed by applying 8^ — 1(^8 to the components of $. In particular 
depends only on the holomorphic structure of E^ not on ^ when C, is of type 
(0, 1). The curvature of wiU be denoted . 

On a general complex manifold X, Vect'X and Vect"X will stand for the space 
of smooth (1,0), resp. (0, 1), vector fields. 

6.2. Continuous sections. Let us say that a section </? of or X is continuous 
if is a continuous section of E and /i(<^) e C{S). 

Lemma 6.2.1. If (pji/^ are continuous sections of H or K, then h{ip,'^) e C{U) 
and <f + i/j is also a continuous section. 

Proof The second claim is an obvious consequence of the first, which in turn is a 
special case of the following: if are continuous sections of E and Jy h^{^)i', 

Jy h^{'^)i' < oo depend continuously on s E S, then Jy h^{^., is also contin- 
uous in s. This latter is clear ify = 5'xX— )'5'isa trivial fibration, E ^ Y is also 
trivial, and \1/ are compactly supported. The case of a general Y, E, but \1/ still 
compactly supported, follows from this by a partition of unity. If $, \1/ are arbitrary. 
So e S, and e > 0, choose a compact C C Yg^ so that fy ^fj{h^{^) + h^{^))u < s. 
Let /: y — > [0, 1] be continuous and compactly supported, / = 1 on C. By what 
we know already, as s — > sq 

(6.2.1) / A^($,*)iy= / /i^(/$,/*)zy^ / A^($,*)zy. 

On the other hand 

0< / h^{^)i^- I f^h^{^)u^ I {h^{^)-h^{f^))v < I h^{^)v<e, 
Jy, Jy, Jy,^ Jy,^\c 

and similarly for ^f, whence 

2 



(6.2.2) 



(l-/2)/l^($,*)i. 

Ys 



< I {l-f^)h^{^)v {l-f^)h^{^)v<e^ 
'Y, Jy, 



if s is sufficiently close to sq. Putting (6.2.1) and (6.2.2) together finishes the proof. 

It follows that continuous sections of H and K form a C(/S')-module; write r° 
for the former. 

6.3. Smooth sections. Let ^ e Vect"5, | e Vect"y its lift, and ^','0 e r°. 
Definition 6.3.1. If ^ e C^{Y, E) and = V', write V^^ = V- 



Lemma 6.3.2. Given ^p, there is at most one such ip, and ip is independent of the 
lift I 
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Proof. Uniqueness is obvious because t/j determines i/j; independence follows because 
two lifts differ by a vertical (0, l)-field, which annihilates (p. 

Let 

= {(^ e r°: V^t^ e r° exists for all C e Vect"<S}, 
aCi(,5)-submodule of T^. 

Definition 6.3.3. Given ^ e Vect'*? and (p^ip eV^, V^<^ = ip means that 

(6.3.1) ^h{ip,e)^h{ij,e) + h{ip,vf), 

in the weak sense (or "in the sense of distributions" ) . 
To ensure that V^v? is unique, we introduce 

Hypothesis 6.3.4. {e{s): $ e T^} C Hg is dense for s e S, 

and we will assume it throughout this section. We define as the set of those 
ip er^ for which V^tp exists for all ^ e Vect'S'. If e and ^ e Vect S, define 

V^<^ = V^i,o (f + V^o,i (f, 

with ^1'° and the (1,0) and (0,1) components of ^. Thus is a C°°(5)- 
module, and V^: — )■ F^ has the usual properties of covariant differentiation (V^<^ 
is C°° (S')-linear in ^; in it is C-linear and satisfies the Leibniz rule). The spaces 
F"' C F^ for n = 2, 3, . . . are defined inductively: <^ e F" if V^<^ G F""^ for every 
C e Vect 5. Finally, F°° = DnT''- 

Lemma 6.3.5. //v? G F° and V^^ . . . V^^v? G F° /or a// n and Ci, • • • e Feces' fin 
particular, if (p e T°°), then ip e C^{Y, E). 

Proof. Any ^ G Vect y is a linear combination of lifted vector fields ^ with smooth 
coefficients. It follows that . . . V^i^ is continuous for all n and Ci) • • • ^ Vect"y, 
and elliptic regularity implies (p is smooth. 

Lemma 6.3.6. If(p,il;e F^ and ^ e VectS, then h((p,il;) e 0^(8) and 

(6.3.2) ^h{<p, iP) = h{V^^, V) + h{^, V^). 

Proof. If C £ Vect'S then (6.3.2) holds by definition, at least weakly. Taking 
conjugates: 

Ihiip, ip) = h{ip, V^(p) + h{V-^ip, ip), 

so that (6.3.2) holds weakly for (0, 1) fields as well; hence for all ^ G Vect 5. Thus 
all weak derivatives ^h{(p,'ip) are continuous, whence h{(p,'ip) G C^{S). 

So V is a Hermitian connection, and by induction, h{(p, ip) G C^^S) if •0 G F"^. 
Therefore F°° and V (restricted to F°°) have all the attributes of a smooth structure. 
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except possibly the density property (2.2.3). The density issue will be addressed in 
the next section. 

6.4. Symmetries. Since the construction above was natural, the effect of sym- 
metries on the direct image is easy to understand. Suppose g:Y ^ Y is a biholo- 
morphism that leaves each Yg and i^lYg invariant, and lifts to a holomorphic auto- 
morphism qe oi (-E, h^). Composition with qe defines a unitary operator on each 
Hs, and so an automorphism of the Hilbert field H ^ S, denoted gn- Assuming the 
construction in 6.2, 6.3 does endow H with a smooth structure, it is straightforward 
that r°° is invariant under composition with gn, and V^{gH<f) = dH^^^- 

If G is a compact group of such biholomorphisms, and the lifts satisfy gEffE = 
[gg') E, then the gn define an action of G on H. Given an irreducible representation 
of G on a vector space V and x its character, the union of all invariant subspaces of 
Hg, resp. r°°, that are isomorphic to V form the x~isotypical subspace C Hg, 
resp. c r°° (see [BD, III.5]). Thus = Uses^^ is a Hilbert subfield of H 
and is a C°° (S')-module of its sections. It is straightforward that V^F^ C 
for ^ e Vect S. 

Lemma 6.4.1. // the direct image H is a smooth Hilbert field, then F^ C T°° 
and = V|F^ endow with a smooth Hilbert field structure. The curvature 
i?^(^,?7) of is the restriction of the curvature R{^,rj) of H. If H is analytic, 
then so is H^. 

Proof. Let dg denote Haar measure on G, of total mass 1. If (/p G F°°, resp. F'^, then 
~ S 0^^9)9 dg /x{^) £ resp. F^. In fact, <^ i->- V is a projection F°° — >■ 
F^. The corresponding fact is in [He2, IV, Lemma 1.7] for isotypical subspaces of 
locally convex spaces like G°°(y, i?), hence it holds also for r°°. This implies that 
{il^i^sy.il) G F^} C {H^)g is dense, and therefore is smooth; analyticity is dealt 
with likewise. The relation between R and follows directly from the definitions. 

6.5. Direct image in the smooth category. The above tentative construc- 
tion of a smooth Hilbert field structure on the direct image depended strongly on 
holomorphy, and would be impossible in the smooth category. Suppose F ^ 5 is a 
submersion of smooth manifolds, u is a smooth form on Y restricting to a volume 
form on each fiber Yg, and {E, h^) — > y is a smooth complex vector bundle with 
a Hermitian connection V^. The spaces Kg of L^-sections of E\Yg form a Hilbert 
field K ^ S, and it is possible to define the module F'' of its continuous sections, 
similarly to what was done in 6.2. But it is not possible to go further to define F^ 
and a connection in a natural way. This even applies to the holomorphic category, 
if in 6.3, instead of holomorphic sections Hg one considers all L^-sections Kg (or 
smooth L^-sections Kg). The space F^ and V can be defined only if the submer- 
sion y — )■ 5" is given more structure, for example a connection (a smooth subbundle 
of TY, complementary to the vertical subbundle). In the direct image problems 
originating in geometric quantization, to be considered in Part III, there are at 
least two equally natural candidates for such a connection. This means that on the 
Hilbert field K there are two natural, and different, (tentative) smooth structures. 
For this reason it is best not to try to explain the smooth structure of H through 
K (as is done in [ADW,FMNl-2]), by invoking a more-or-less natural connection 
on y — > (S, but rather define the smooth structure of H directly, relying only on 
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the structures that Y and E naturally have. 

7. The density issue. 

In this section we will subject Y ^ S and E ^ Y to geometric and analytic 
conditions to ensure the direct image field if — )■ is indeed smooth. 

7.1. Complete vector fields. The geometric condition involves vector fields 
that are complete in a certain sense. Let M be an m-dimensional smooth mani- 
fold. A continuous m-form a; on M induces a Borel measure, denoted if in a 
coordinate patch u = fdxi A dx2 A . . . , then = \ f\dx1dx2 .... Suppose now M 
is oriented. Let stand for Lie derivative. 

Definition 7.1.1. A vector field ^ G Vect M is integrally complete if the following 
holds. Suppose u is an m-form of class on M. If and \C^U!\ are finite 
measures, then C^u = 0. 

Lemma 7.1.2. Any of the assumptions below implies ^ e VectM is integrally 
complete: 

(i) ^ is integrally complete; 

(a) i is real and complete; 

(Hi) there are compactly supported -functions at'- M ^ [0,1] such that for 
every compact C C M, ak\C = 1 for large enough k, and sup^ |^aA;(a:)| < 00; 

(iv) M is a complete Riemannian manifold and the length \i{x)\ grows linearly 
(= 0(1 + dist{x,XQ)). 



Proof, (i) This is so because C-^ = C^u. 

(ii) Completeness means ^ has a global flow gt, t E 'R. If is finite, then 

Im = Im 9t^i^ for any t. Hence 

'1 d 



M 



C^u = I [ g^C^udt = I [ ^ {gt^)dt = f g^uj - f u = 0. 
Jo Jm JmJo Jm Jm 



(iii) If ^ is compactly supported, then Re ^ and Im ^ are complete, and (ii) implies 
the claim. If oj, instead of ^, is compactly supported, Jj^ C^u = still follows for 
we are free to modify ^ outside supp u to make it compactly supported. For a 
general oj as in Definition 7.1.1, akOJ is compactly supported, so as A; ^ 00 

= / C^akOJ = / {Cak)oj + / akC^u / C^^oj. 

JM JM JM JM 

(iv) By smoothing the Lipschitz function dist(-, Xq) one obtains a real / G C^(M) 
such that \f{x) — dist(a;, xq)] < 1 and |grad f{x)\ < 2. Let furthermore a^rR 
[0, 1] be C-'^-functions such that 

r 1, if t < A; 



Then = ak o f satisfies the conditions in (iii) and the claim follows. 
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7.2. The conditions. Returning to the vector bundle E ^ Y, iov s E S, let 

Bs'.L'^iEs) — 7> Hs denote the Bergman projection (orthogonal projection on Hs). 
If $ is such a section of E that e L'^{Eg), then using notation introduced in 
6.1, sections 5$ of E and of H can be defined by 

= Bsi^\Ys) and M = 

If C e Vect Y, then div^ = divi^C will denote the smooth function on Y satisfying 

iCc^)\Ys = {divC)i^\Ys, s e S. 

Consider the following conditions on F ^ S", resp. E ^ Y: 

(G) There is a family S C Vect/ S that spans the bundle T^'^S, and each ^ G S has 
an integrally complete lift ^'^ e Vect'Y. 

This is a geometric condition. To formulate the analytic condition, we fix S and 
the lifts of ^ e S once and for all. If ^ e S then r]^ denotes the conjugate of f]^. 

(A) There is a subspace A C C°^{Y,E) with the following properties. If ^ E A 
then 

(Al) Jy h^{^)v e R depends continuously on s E S; and 

(A2) ifleE and rj = 1, then {div^'')^, Vfc*, V^c$, and B^ e A. Further, 

(A3) if u e Hs and s > 0, then there is a ^ e A such that Jy h^{^ - u)^ < e. 

Theorem 7.2.1. // (G) and (A) hold, then so does Hypothesis 6.3.4, cif^d r°°, V 
defined in 6. 3 endow H ^ S with the structure of a smooth Hilbert field. 

Proof. If $ G ^ then (Al-2) imply S$ G r°, and (A2) implies ^' = VjlS$ G A 
when ?7 G S. Now ^' is holomorphic along the fibers Yg. Indeed, if C ^ Vect"y is 
vertical, 

(7.2.1) Vf * = Vf V^cS$ = V^cVf S$ + Vg^^c]S$, 

because the curvature of is of type (1,1). Furthermore, [C, ?7^] = —^■q'^C ^ 
Vect"y is also vertical, because ry^ is a lifted vector field. Since 5$ is fiberwise 
holomorphic, (7.2.1) vanishes. Thus \1/ is fiberwise holomorphic and so V^-B$ = 
^' G r°. This being true when G S, S$ G T'^ follows as S spans. But (A3) 
implies 

(7.2.2) {(S$)(s): $ G ^} C ii"^ is dense, 
hence Hypothesis 6.3.4 holds. To complete the proof we need 

Lemma 7.2.3. If^eA then B^ G r°° and for^eE 

(7.2.3) VeS$ = S(Vfc$ + $divC^). 

Granting the lemma we are done, since among the requirements for a smooth 
Hilbert field (2.2.1-2) were already verified in subsection 6.3, and (2.2.3) follows 
from (7.2.2) and the lemma. 

7.3. The proof of Lemma 7.2.3. This will take some preparation. 
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Lemma 7.3.1. Let X be a smooth, compactly supported form on S, of top degree, 
and /: y — 7> C Borel measurable. If either / > and A > 0, or f is integrable with 
respect to the measure A 7r*A|, then g{s) — Jy fi^ exists for a.e. s e S, and 

(7.3.1) I 9>^= I /i^A7r*A. 

JS JY 



Proof. If n:Y = S X X ^ S is trivial, and ly is pulled back from a form on X, then 
the claim is a special case of the Fubini-Tonnelli theorem. If n is still trivial but 
v is arbitrary, then one can factorize i/ = avQ with a: y — >■ (0, oo) smooth and i/q 
pulled back from X, so that this case follows from the previous. Since a general 
submersion 1" — )■ 5' is locally (in Y) trivial, (7.3.1) still follows if / is compactly 
supported. Failing that, choose a sequence bk'-Y ^ [0, 1] of compactly supported 
smooth functions that converge monotonically to 1. Writing (7.3.1) for b^f and 
letting A; — > oo, the claim follows in general. 

Lemma 7.3.2. If^,^eA then g{s) = Jy h^{^, is a smooth function on S, 
and with ^ G S, 77 = ^ 

(7.3.2) {^g){s)= I /i^(Vfc$ + $ dive^*)i^+ / /i^($,V^c*)i^. 

Jy, Jys 



Proof. Let J{s) stand for the right hand side of (7.3.2). By Lemma 6.2.1 and 
conditions (Al-2), J is continuous. That (7.3.2) holds in the weak sense means 
that for any compactly supported smooth form A on 5', of top degree, 

/ gC^X + JX = 0. 
Js JS 

The left hand side here is, in view of Lemma 7.3.1, 

j /t^($,*)iyA£^c7r*A + j {/t^(Vfc$ + $divC^*) + /t^($,V^c*)}i^A7r*A 

= j £e{/i^($,*)zyA7r*A}, 

which is indeed 0, since ^'^ is integrally complete. Upon interchanging $ and ^ , and 
conjugating, (7.3.2) in the weak sense also follows if ^ e S. Since all these weak 
derivatives are continuous, g e (7^(5), and (7.3.2) holds in the pointwise sense. 
From here g e C'^{S) follows by induction, taking condition (A2) into account. 

The same proof also gives 

Lemma 7.3.3. (7.3.2) holds in the weak sense even if instead of & A we assume 
^ = e, where 9 E F^. 
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Proof of Lemma 7.2.3. Write i/j for the right hand side of (7.2.3) and let rj = ^. By 

(Ai-2), V e r°. If ^ e then 

Jy, Jy, 

h{ip,e){s)= f h^{B{Vf.^ + ^divC^),e)u= [ /i^(Vfc$ + $divr,^)«^, 
Jy^ Jy, 

Jy^ Jy, 

because 9 and V^cd = (V,,^) are holomorphic on Yg. Hence Lemma 7.3.3 gives 

^h{m, 9) = h{ij, 9) + h{M, Wf) 

in the weak sense, which is the formula that defines if) = V^B^. This proves (7.2.3). 
We have already seen in the proof of Theorem 7.2.1 that S$ G F^, now we can 
conclude B^ e F^. Prom here B^ e F" for all n is proved by induction, using 
(7.2.3). 

8. Curvature. 

In this section we assume conditions (G) and (A) of subsection 7.2 and compute 
the curvature R of the direct image Hilbert field. The simpler the structure of 
tt: y — )■ 5 and E, the more transparent the expression of R will be. 

8.1. Generalities. Let A = {M: $ e A}. By Lemma 7.2.3, AcT°°. If ^ e yl 
then (p = B(p, hence by Lemma 7.2.3 and by Definition 6.3.1 

(8.1.1) V^<p = S(V|v3 + ^divO, V^vp = {W^ifj 

provided ^ G S, ^ = ^'^j and i] G Vect"5'. The first formula will also hold for 
arbitrary ^ G Vect'5', except the lift ^ will have to be chosen carefully. If = ^ fj^j^ 
a locally finite sum with G S and fj G (7°°(S'), a correct lift is ^ = fj)ij- 
principle (8.1.1) allows for the computation of i?(^, ri)(p — (VgV^ — V^Vg — V[g^^])(/? 
when ^ G Vect'S' and r] G Vect"5' (and (f e A). These are the only nonzero 
components of R: 

Lemma 8.1.1. i?(Ci,6) = R{Vi,V2) = if G VeclfS, rjj G VecfS. 

Proof. Since i?^ (^1,772) = 0, Definition 6.3.1 gives R{r]i,r]2) = 0. It follows that 
/i(i?(ei,e2)¥',V') = -h{ip,R(^,,^^)iP) = by (2.2.4), and Ri^i,^2) = 0. 

The computation of R{$,, rf) depends, predictably, on understanding commuta- 
tors, specifically V|S - SV|. 

Lemma 8.1.2. (i) Let Crj = - -BV|. IfrJ G S then {Crj^)\Ys G Hg depends 

only on $|Ys for ^ E A and s E S . 

(ii) Defining Cr,: A^V^ by (7^$ = ((7^$)', 

(8.1.2) R{i,r^)^ = B{R^{if)) + V|.j - {fidivi))<f - ^^(Vf + dive)<^, 
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if C ^ VecifS, T] G Veci"S, [^,1]] = 0, and E A. The lift ^ should be chosen as 
Y.{T^*f3)i'j ^fi = E/jCj -^ith e S, fj e C°°(5), and similarly for fj. 

In (8.1.2) and in various curvature formulas below rydiv^, div^, etc. stand for 
the operators of multiplication by the corresponding function. 

Proof. If \E' e v4 then g{s) = Jy h^{B'^,^ - B^)!/ = 0. Therefore rjg = and by 

Lemma 7.3.2 

(8.1.3) 

/ /i^(VfcS* + (S*)div?7^$-S$)zy= / h^{B^,V^cB^-V^c^)u 
= I h^{B^,V^oB^-BV^.^)p^h{m,C^^){s). 

Since the first term in (8.1.3) depends only on (\& and) ^\Yg, so does the last, and 
(i) follows by condition (A3), (ii) in turn follows by substituting (8.1.1) in the 
formula R{^,r])(fi = V^Vr;<^ — V^V^<^ and commuting B past V|'. 

8. 2. Special cases. Suppose that, in addition to V^, E admits another con- 
nection V, and each ^ e S has a lift ^'^ G Vect'F such that if $ e C'^{Y,E) is 
holomorphic on the fibers Yg, then so is V^^^». The connection V' need not be 

Hermitian or of type (1,0). Thus = V' + a, with a an End£^-valued 1-form, 
and C'^ - C'* = is vertical. 

Lemma 8.2.1. In addition to the assumptions and notation above, suppose a{$,^)'if e 
A and Vl^^^-,* e A when ^ eE and e A. Then on A 

(8.2.1) (/ - S)Vf S = (/ - i?)(Vf(^) + a{e))B, 

(8.2.2) = i?(Vf(^) + a{e) + ciiv|)*(/ - B), 

if ^ = Here the operator V^^-^-j + a{^^) + div^ is considered fiberwise, defined 
on the dense subspaces {^{s): ^ e A} C L^{Es), and * refers to its adjoint. 

Again, (8.2.1-2) also hold for locally finite combinations ^ = J2 fjCj of ij G S 
with fj e C°-{S), ifie, and m are defined by Ei^*fjHj, E{T^*fj)^j, and 

Y.{^*fj)m)- 

Proof. (8.2.1) follows because 

(8.2.3) vfc = Vf(^)+a(e'^) + Vj., 

and I — B annihilates fiberwise holomorphic sections. Since B* = Bg, (8.1.3) can 
be rewritten, setting fJ = ^, 



I /i^((/-S)(V| + div05^,$)'^= I h^{B^,Cr,^)u ^ I /i^(^,C^$; 

JYs JYg JYs 

because C^$|Ys e Hg. Substituting (8.2.1) on the left, (8.2.2) follows. 
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Putting (8.1.2) and (8.2.1-2) together, the curvature is expressed as 
(8.2.4) 



R{C,v)^ = B{R^iifj) + V|,j - (r7divO)v3 



- S(Vf(^) + a{t) + diYfjni - i?)(V|(^) + a{e) + divO^, 
provided = and (p & A. 

The connection V' and the hfts ^'^ can be found if y — > S' is an open subfibration 
of a trivial fibration SxX ^ S, and E is pulled back from a bundle F ^ X. Indeed, 
the pull back of any connection on F can serve as V, if denotes the horizontal 
lift of ^. A simplification occurs ifY = SxX^S itself is trivial. Then condition 
(G) is satisfied if S consists of all compactly supported ^ G Vect'S", and = 
is the horizontal lift. That is integrally complete follows from Lemma 7.1.2(iv) 
{S X X is to be endowed with a complete product metric). In this case (8.2.4) 
becomes 

2 5) ^^^'''^'^ = BiR^ie^v") - {v''dive))<P 

-B{aif]^) + divf]^y{I-B){a{C^) + (iiv^^)ip. 

In (8.2.5) the adjoint can be computed pointwise, on each Ey. For example, 
(div^'^)* =divr7'^. 

Finally, suppose that Y — SxX-^S is trivial, {E, h^) is pulled back from 
a bundle (F, h^) X, and condition (A) in 7.2 holds. Choosing = the 
horizontal hft of ^ e Vect S, one can take V = V^. This gives R^{C^, r]^) = and 
a = 0, so (8.2.5) becomes 

(8.2.6) R{C,v)f = -B{rl'^wi^)if - B{^wr]^){I - S)(dive'')^, 

provided ^ e Vect'^, ry G Vect''^, [^, rf\ = 0, and (p e A. 

9. An example. 

9.1. Here we exhibit direct image problems for which conditions (G) and (A) 
of 7.2 can be verified. As a result, the direct image Hilbert fields are smooth, 
resp. analytic. The analysis of direct image problems in geometric quantization 
will be based on these examples. 

Let (F, /i"^) — )■ X be a Hermit ian holomorphic vector bundle and z/q a smooth 
volume form on X. With a complex manifold S* let y = 5" x X, A G C°^{Y), and 
•n: S X X ^ S ^ \)r. S X X ^ X the projections. Consider the direct image Hilbert 
field H ^ S oi the pulled back bundle {E,h^) = pr*(F, /i^), using the relative 
volume form ly — e^pr*i/o. For simplicity assume A{s,x) = a{s)L{x) + b{s), with 
a < 0, L > 0. If G Vecty denotes the horizontal lift of ^ G Vect S, then 

(9.1.1) divC'^ = e'^A, e'^A(s, x) = L{x)^a{s) + ^b{s). 

Given t G M, let be the Hilbert space of measurable sections v of F such that 

(9.1.2) h\v)^ [ h^{v)e^^UQ <oo, 

Jx 

and V* C the subspace of holomorphic sections. 
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Lemma 9.1.1. Let {Vi}i(^i be a collection of vector spaces, each consisting of 
certain holomorphic sections of F. Assume that for t < 

(i) each Vi C V^, and the norms (/i*)^/^ for different t are all equivalent on Vi; 

(a) i/t + 2t < and v e Vi, the Bergman projection of maps e^^v into V^; 

(Hi) '^i^jVi is dense in V*. 
Then the direct image H-^SofE^Yisa smooth Hilbert field. If a,b are 
analytic, then H is analytic, too. 

The hypothesis is satisfied if L is bounded and the collection consists of a single 
space, namely V* for any t < 0. In section 11 the lemma will be applied with L 
unbounded, but F will admit a large group of symmetries, and for the isotypical 
subspaces Vi the hypothesis can be verified. 

Proof (a) The Vi can be assumed complete in the norms (/i*)^/^, t < 0. Assumption 
(ii) implies that for v e Vi the Bergman projection of W* maps L'^e^^v into Vi, if 
t + 2t < and n = 0, 1, ... . This can be proved by induction as follows. When 
n = 0, the claim is just (ii). For any n 

Tn„a'L Tn„aL 

, ^ L"+ie«^, as a' ^ a < 0, 

a' — a 

uniformly on X. Hence if t + 2r < then 

TUpT'L _ TUpTL 

, V ^ L"+ie-^^ as r' ^ r 

r' — r 

in W^. Applying Bergman projection to both sides provides the induction step. 

For s G 5, let Pi^n{s): Vi — )■ Vi denote the Toeplitz operator of multiplication by 
L" followed by Bergman projection in the space e^^*''^^'o)- As we have seen, 

Pi^n{s) indeed maps into Vi. It follows from Lemma 9.1.2 below that Pi^n' S — >■ 
End Vi is smooth, and even analytic if a is. Here End Vi is the Banach space of 
operators on Vi, endowed with the operator norm coming from any /i^, r < 0. 

That H is smooth will follow from Theorem 7.2.1. To satisfy condition (G), S is 
taken to consist of all compactly supported ^ G Vect'S" and = is the horizontal 
lift. As to condition (A), if / is a function on S such that f{s), for s G 5, is a 
smooth section of F that is in L^(F, e^^*'')^'o)) define sections a{f) of E and 

K (cf. 6.1) by 

(9.1.3) a{f){s,x)^f{s){x) and a{f){s) ^ a{f)\{s} x X, 

so that &{f) = cr{f). Let Ai consist of linear combinations of sections of E of form 

(9.1.4) * = (j(L"/), where n = 0, 1, . . . and / G C°^{S; Vi), 

and let A = X^jg/^i- As the inclusion Vi C C°°{X,F) is continuous, A C 
C^{Y,E). It is easy to check that it satisfies conditions (Al-3). First, with 
in (9.1.4) 

f h^{^)v= j /i^(/(s))L2"e"(^)^+''(*)jyo < oo 
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by (i), and depends continuously on s by the Dominated Convergence Theorem. In 
view of Lemma 6.2.1 it foUows that all ^ e A satisfy (Al). Also, for ^ e Meet S 



^dWe = a{L-+\Ca)f)+a{L^{^b)f) E A, 
Vfc* = <J{L^U) e A, and = (JiPi,nf) e A, 



the latter because Pj^„ is smooth. Hence condition (A2) is satisfied, and so is (A3), 
in view of (iii) . Therefore H ^ S is indeed smooth. 

(b) Suppose a, h are analytic. Since (j(v)(s, x) — v{x) for v EVi, all one needs to 
prove is that a{v) e F'^; then the analyticity of H will follow in view of (iii). This 
means that given a finite Sq C Vect'^5', the derivatives V^^ . . . Vg^a"(f) have to be 
estimated for G Sq as in (2.3.1), cf. also Corollary 3.3.4. For / e C°°{S; Vi) and 
^,?7 e Vect'5, by (8.1.1) and (9.1.5) 

(9.1.6) V^«7(/) = a{a + {^a)Pi,,f + (^6)/}, V^(7(/) = (T(r//). 

Defining D^f = + (^a)Pi i/ + {^b)f and D^/ = rjf, then extending by 
linearity to all C e Vect^", (9.1.6) simplifies: 

Vca{f) = HDcf)i (eVectS. 

Here D(^:C°°{S,Vi) — > C°°{S,Vi) is a connection of the type discussed in Lemma 
3.3.5. Iterating: 

V^„...V^,a(/) = a(i^^„...D^J), 
and the estimate (3.3.9) indeed implies that a{v) e F'^. 

It remains to show that Pi^n is smooth. In the situation of Lemma 9.1.1 (as- 
suming Vi complete), fix t < and with r < t/2, consider the Toeplitz operator 
Qiij): Vi — )■ Vi that is multiplication by e^'^~^^^ followed by Bergman projection in 
W^. (Again, Qi{T) indeed maps into Vj by assumption (ii) of Lemma 9.1.1.) Mul- 
tiplication by e*'^"*''^, as an operator Vi — ?> W^, is an analytic function of r < t/2, 
so that Qi'. (— oo, t/2) End is also analytic. Since 

/ /i^(g,(T)^,^)e^%= / /i^(^)e"^j.o = /i"(^), ^eFi, 
Jx Jx 

Lemma 9.1.1(i) implies that the self-adjoint operator Qi{T) on (Vi, /?.*) has a bounded 
inverse. Hence Q~^- (— oo,t/2) — )■ EndV^ is also analytic. Smoothness and analyt- 
icity of Pi^n therefore follow from 

Lemma 9.1.2. Pi,n(s) = Qi^{a{s))Q^''\a{s)) when a{s) < t/2. 
Proof. By the definition of Qiir), ior v,w eVi 

(9.1.7) / h^{e^^-'^^v,w)e'^uo= [ {Qi(T)v,w)e'^uo. 
Jx Jx 
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Differentiating n times with respect to r, and using (9.1.7) again 

Jx Jx 

= [ h'\Q,{T)Q,{T)-^Q^^\T)v,w)e''^vo 
Jx 

Jx 

Hence, putting r = a(s) 

Jx Jx 
and the claim follows. 

9.2. Curvature. Under the assumptions of Lemma 9.1.1 the curvature of H can 
be expressed very simply. Put Pi{s) — e''^^^Qi{a{s)) (also a Tocplitz operator, with 
symbol e^(«'-)-*^); from Lemma 9.1.2 P~^^Pi = (^o)Pi,i +^6, so that by (9.1.6) 

Ve^(/) = a{a + (Pr'^Pi)/) for ^ e Vect'5 and / e C°°{S, V^). 

Hence if ry e Vect"S' and [^, ij] — 0, then for v &Vi 

(9.2.1) R{^,vMv) = -V^V^a(^) = -a{rj{p-'^Pi)v). 

Theorem 9.2.1. Let t < 0. In the situation of Lemma 9.1.1, in order that on 
St = {s E S : a{s) < t/2} the curvature R of H be zero, resp. central (see 2.4), it is 
sufficient and necessary that for s E St and ^ G VeclfSt, rj G Veclf'St the operators 

d{p-'dPi){as),v{s)):Vi ^Vi, ie I, 

should be zero, resp. multiples ridy. of the identity, r independent of i. 

Proof. The necessity is obvious from (9.2.1). As to sufficiency, the assumption im- 
plies that for each s E St the operator i?(^(s), ?7(s)): Hg Hg agrees with a multiple 
of idj/ on a dense subset of Hg. Therefore the closure of R{^{s), r]{s)), which exists 
by Lemma 2.2.4, is a multiple of idn^, whence R is indeed zero, resp. central. 

III. Quantization 

10. Quantum Hilbert spaces associated with a Riemannian manifold. 

10.1. Geometric quantization. Suppose an m-dimensional compact Riemann- 
ian manifold M is the classical configuration space of a mechanical system, the 
metric corresponding to twice the kinetic energy. To quantize it according to the 
prescriptions of Kostant and Souriau [Kol,So,W], one first passes to phase space 
N, which for the moment is taken TM ^ T*M, a symplectic manifold with an 
exact symplectic form u, equal to J2 '^Qj ^ ^^Pj ^^e usual local coordinates. The 
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prequantum line bundle is a Hcrniitian line bundle E ^ N with a connection whose 
curvature is —iu. If M is simply connected, the bundle is unique up to a connection 
preserving Hermitian isomorphism. In any case, one such line bundle is obtained 
from a real 1-form a on N such that da = -co, by letting E = NxC^Ntohe 
the trivial line bundle with h^{x,'y) = |7p the trivial metric on it. If sections are 
identified with functions ip: N ^ C, the connection is defined by 

(10.1.1) Vfip = C^ + ia(C)^, CeVectiV. 

Next a polarization of N is chosen. The most obvious choice is the vertical polariza- 
tion, given by the foliation oi N = TM by the fibers T^M, q e M. This produces 
a quantum Hilbert space consisting of the L^-sections of E that arc covariantly 
constant along the foliation. To talk about L^, a measure is needed on N: this is 
the extension of the volume measure of M by zero to N \M. 

However, when M is a (real) analytic Riemannian manifold, there is also a 
natural Kahler polarization. In [Szl,GS] the second author and Guillemin-Stenzel 
construct a canonical complex structure ( "adapted complex structure" or "Grauert 
tube" ) on a neighborhood X C TM of the zero section, in which u becomes a Kahler 
form. As a result, E\X acquires the structure of a holomorphic line bundle. This 
gives rise to another quantum Hilbert space, consisting of holomorphic sections of 
E\X that are with respect to the volume form oj'^/ml . In fact, as pointed out in 
[LSz2] , and will be shortly explained, once an adapted Kahler structure is defined 
on some neighborhood X C TM of the zero section, it induces an entire family 
of Kahler structures, parametrized by non-real complex numbers s. Accordingly, 
there is a whole family of quantum Hilbert spaces Hg. In this section we will show 
how to fit this family in the framework of direct images and fields of Hilbert spaces, 
developed in Parts I and II. 

Along with bare quantization there is also quantization with half-form correc- 
tion. This produces somewhat different quantum Hilbert spaces; the corrected 
Hilbert spaces often have cleaner mathematical properties and are in better agree- 
ment with observations. In Kahler quantization described above, one looks at the 
canonical bundle Kx — X (the bundle of (m, 0)-forms). One then fixes a line 
bundle k ^ X such that k ® n is isomorphic to Kx, along with an isomorphism 
— > Kx- If M is orientable, Kx will be trivial, and such a n exists; it also inher- 
its from Kx the structure of a Hermitian holomorphic line bundle. The corrected 
quantum Hilbert space consists of holomorphic L^-sections of i? ® k. In fact, as 
before, a whole family Hg'^'^^ of corrected quantum Hilbert spaces is obtained, and 
we will see in section 11 that from the perspective of uniqueness, too, the corrected 
Hilbert spaces behave better than the uncorrected ones. 

10.2. Adapted Kahler structures. In this subsection we review the notion 
of adapted Kahler structures, following [LSz2]. It will be advantageous to adhere 
to Souriau's philosophy, and define the phase space N of a, compact Riemannian 
manifold M not as TM or T*M, but as the manifold of geodesies x : M — )■ M. 
Elements of T^N can be identified with Jacobi fields along x. Any to G induces a 
diffeomorphism N 3 x ^ x{to) E TM, and the pull back of the canonical symplectic 
form on TM fa T*M is independent of to; it will be denoted u. If ( , ) denotes the 
Riemannian inner product on TM, then for Jacobi fields ^,7] e T^N 

(10.2.1) ioit V) - im. V'it)) - ivit), e{t)), for any t e R, 
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where prime indicates Levi-Civita covariant differentiation, see [Kl, 3.1.14-17]. Fur- 
ther, let L{x) denote the speed of a geodesic x E squared (so L is twice the free 
Lagrangian) . It wiU be convenient to associate with a point q E M the constant ge- 
odesic = q. This identifies M with the submanifold of zero speed geodesies. Affine 
reparametrizations t ^ a + bt, a,b E M, act on N and define a right action of the 
Lie semigroup E of affine reparametrizations. If r G [0, oo), let C S consists of 
those reparametrizations a + bt with |6| < r, so that is a normal sub-semigroup 
if r < 1. Let X G N he open and E^-invariant. 

Definition 10.2.1. Given a complex manifold structure on T,^, a complex struc- 
ture on X is adapted if for every x & X the orbit map E-^ 3 a ^ xa E X is 
holomorphic. 

An adapted complex structure on X can exist only if the initial complex structure 
on E^ is left invariant. The left invariant complex structures on E^ are parametrized 
by points in C\M as follows. Each cr G E extends to an affine map of C. For fixed 
s G C\]R, let I{s) denote the pull back of the complex structure of C by the map 
E^ 9 o" I— )■ as G C. Then the structures I{s) are all the left invariant complex 
structures on E-^. 

Theorem 10.2.2. (a) If on an open "E^ -invariant X G N there is a complex 
structure adapted to {'E^,I{s)), then this structure is unique. It will be denoted 
J(s). If ds,ds are the complex exterior derivations for this structure, then iu = 
(Im s)dsdsL on X. In particular, u is a positive or negative (1, 1) form, according 
to the sign of 1ms. 

(b) If M is real analytic, then there is a "E^ -invariant open neighborhood X of 
M C N such that XE-*-/'^™*' has a complex structure J{s) adapted to {T,^,I{s)), 
for all s G C\M. 

This theorem is a combination of [LSz2, Theorem 2 and Corollary 3]. — The 
adapted complex structures of the theorem can all be put together to form a holo- 
morphic fibration, see [LSz2, Theorem 5]: 

Theorem 10.2.3. Suppose that a T,^ -invariant open X G N admits a complex 
structure adapted to I{i). Then on 

Z = {(s,x) G (C\M) X iV:x G XE^/I^™"!} 

there is a unique complex structure that restricts on ea, ch fiber {s} x XE^/I^™^! to 
the structure adapted to I{s), and for each x E Z, the map s ^ (s^x) E Z is 
holomorphic where defined. The pull back uj of u) along the projection pr: (C \ M) x 
N ^ N satisfies 

(10.2.2) iob = dd{LIms) on Z. 

(Here, a little abusively, L Ims stands for the function {s,x) i-)- L{x)lm.s.) Finally, 
if X is endowed with the I{i) adapted complex structure J{i), and (C\]R) x X with 
the product structure, then the map 



(10.2.3) 



Z 3 {s,x) ^ {s,xa) E (C\M) x X, 



where ai = s, 



LASZLO LEMPERT AND ROBERT SZOKE 



41 



is a biholomorphism. In particular, Z 3 {s,x) ^ s & C is holomorphic. 

10.3. Quantizing the family of adapted Kahler structures. Fix X C N 

as in Theorem 10.2.2(b). For each s e C\R the symplectic form u is of type 
(1,1) in the structure J{s). Hence there is a Hermitian holomorphic line bundle 
Es (XE^/I^"^*, J(s)), with curvature — iw, as discussed in 10.1; it is unique, 
if X (i.e., M) is simply connected. The quantum Hilbert space Hg consists of 
holomorphic L^-sections of Eg. By Theorem 10.2.2(a) Eg is positively or negatively 
curved according to the sign of Ims, and the two types behave very differently. 
Positively curved bundles tend to have an ample supply of holomorphic L^-sections; 
negatively curved ones tend to have few. For example, when M = is quantized, 
the adapted complex structures exist on all of A^, and X = is a possible choice. 
If Ims < 0, zero will be the only holomorphic L^-section of Eg. This suggests that 
when Ims < 0, the quantum Hilbert space should be the L^-cohomology group of 
Eg (5-cohomology) in degree (0,m), an idea that first appeared in [Va]. We shall 
not pursue this line here, though, and henceforward restrict ourselves to s lying in 
the upper half plane S G C 

For the rest of this paper, M will be a compact, analytic Riemannian manifold 
and the manifold of its geodesies. Unless otherwise stated, X (Z N will be a 
S ^-invariant open subset on which the adapted complex structure J{i) exists, or 
more generally, any open subset of N contained in a S-'^-invariant open subset of N 
on which J{i) exists. However, instead of Z of Theorem 10.2.3 we will work with 

Y = {{s,x) e S X N: X e XE^/^"^'} G Z. 

Thus Y inherits a complex manifold structure from Z. As before, the projection 
y — > 5 will be denoted tt, the projection 5 x AT — > AT by pr, and Yg = 7r~^s. There 
is a Hermitian holomorphic line bundle E ^Y whose curvature is 

—iu}\Y — —dd{Llms) — id{d — 9)(iLIms/2), 

where cD = pr*a;. It is constructed as the prequantum line bundle in 10.1. As a 
smooth bundle, E = Y x C ^ Y , the metric is h^{y, 7) = |7p, and the connection, 
viewed as if acting on functions i/jiY ^ C, is 

(10.3.1) Vf = C^ + ^iC^'' - C''°)(LIms)/2, 

where C^'^, C^'^ are the (1, 0) and (0, 1) components of ^ G Vect Y. The holomorphic 
structure of E is determined by declaring a section i/j holomorphic if V^V' = for 
C G Vect"F; by (10.3.1) this means —^Qijj = il>C,{Llm.s). For example, the section 
V'o corresponding to e~^^™*/^ is holomorphic, and its Hermitian length squared is 

(10.3.2) /i^(V'o(s,a;)) = e-^^^>^™^ {s,x) eY. 

In particular, E is holomorphically trivial. 

For s E S the bundles Eg = E\Ys are the prequantum line bundles for the Kahler 
manifold (Yg, J(s),oj\Yg). This means that the spaces Hg of their holomorphic L^- 
sections are the fibers of a direct image Hilbert field H ^ S oi the type studied in 
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Part II. The relative volume form u there is now Cj'^ /m\ . To solve the uniqueness 
problem therefore one must decide if the construction in section 6 indeed endows 
H ^ S with a smooth structure; whether this structure is in fact analytic; and 
whether it is projectively flat. These questions will be partially answered in sections 
11 and 12. For the time being, we derive a rather general formula for the curvature 
of the direct image, under the assumptions in section 8. 

Define a metric ha on E by 

h^{{s,x),^) = |7|V(-)I-^ {s,x) e y,7 e C. 

In view of (10.3.2) h^{ipo) = 1, whence {E, h^) is trivial as a Hermitian holomorphic 
line bundle. Since 



(10.3.3) / h^{tl^) ^ = / /if (V')i^, where v^^ 

Jys ™! Jy, 



— LIms 

ml 



the Hilbert field if — )■ 5* is also the direct image of (i?, h^), provided the relative 
volume form u from (10.3.3) is used. Furthermore, by Theorem 10.2.3 the fibration 
y — > 5 is isomorphic to the trivial fibration S x X ^ S, where X is considered 
with the complex structure J(z): the inverse of the map (10.2.3) provides the 
isomorphism ^: S x X ^ Y. Thus H ^ S is also the direct image of the trivial 
Hermitian holomorphic line bundle 

{E',hf)^^*{E,hi)^SxX, 

using the relative volume form v' = To compute u' , note that in (10.2.3) if 

at = a + bt, then ai = s means 6 = Im s, hence L{xa~^) = L{x)/{Ims)^. Therefore 

**(LIms) = L/Ims. 

Here, mildly abusively, LIms on the left stands for the function Y 3 {s,x) t— )■ 
L{x)lms, while L/Ims on the right stands for the function S x X 3 {s,x) ^-^ 
L{x)/lms. Because of (10.2.2) it follows that when restricted to {s} x X, 

(10.3.4) i-^*Cj = ddL/lms = iuj/lins, 

(10.3.5) v' = ^>*u = {lras)-'^e-^'^'^'Cj'^/m\. 

Knowing the restriction of v' to each {s}xX determines the structure of the direct 
image. It also determines div^'* = divj^/^'* and divTy'* for the horizontal lift of, say, 
^ = d/ds and t] = d/ds: 

divC'' = — — div?7'' = -— h 



2Ims 2(Ims)2' ' 2Ims 2(Ims)2' 



Hence (8.2.6) gives 
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Lemma 10.3.1. If condition (A) of subsection 7.2 holds, then the curvature of H 
is given, for ip G A, by 

10.3.6 4i? ——\<p = Bi ^ - ^ + - 

Here (and in (10.4-5)) L stands for the operator of multiplication with the function 
L, and LBL means the product of three operators. 

10.4. The half-form correction. Let n = y*i,Oy ^ y be the holomorphic 
vector bundle of (m, 0)-forms, the subbundle of those forms that vanish on each 
Kj, and K^^ = Vt/Vt^ the relative canonical bundle, a holomorphic line bundle. 
Elements of a fiber {KT^)y are in one-to-one correspondence with (m, 0) -forms on 
TyY^^f^yy Thus K.,^\Ys is (canonically isomorphic to) the canonical bundle of Yg and 
the Kahler metric on induces a Hermitian metric h^'^ on K^^ by the formula 

(10.4.1) h^-(a)u!"'\Ys = i'^''m\aAa, a E K^\Ys. 



Lemma 10.4.1. If M is orientable, then K.^ is smoothly trivial. 

Proof. Let ctq € be the zero map M — )■ M. Since the semigroup is connected 
and acts fiberwise on Y, aoY = S x M is a, deformation retract of y C A^. On 
the other hand, {i} x M is a deformation retract of 5" x M. The upshot is that it 
suffices to prove that K^^lli} x M, or Kx\M, is trivial. Let Km denote the bundle 
of real m-forms on M, trivial by assumption. Restricting a form in Kx\M to TM 
is an isomorphism Kx\M fa C (g) Km, hence Kx\M is indeed trivial. 

Assuming therefore that M is orientable, there is a smoothly trivial Hermitian 
holomorphic line bundle (k, h'^) so that ~ K^^. If M is simply connected, then 
K (and the isomorphism k k — > K^^) are unique, up to a certain natural notion of 
equivalence. In any case, we fix k. The restrictions k,\Ys are the half-form bundles 
of the fibers Yg^ and the spaces of holomorphic L^-sections of E <^ k\Ys form the 
corrected Hilbert field iJ^orr _^ ^ 

If y is a Stein manifold — and one can always find X so that Y is Stein — , the 
smooth triviality of k implies it is holomorphically trivial, by the Oka principle, see 
e.g. [Ho, pp. 144-145]. In all the examples to work out, n will be trivial. In this case 
the correction can be implemented not by changing the bundle E to E ^ k, but by 
modifying the relative volume form u. Suppose 9q is a nowhere zero holomorphic 
section of k. Tensoring with induces an isomorphism between the spaces of 
holomorphic sections of E\Ys and E ® k\Ys. For a section ip of E\Ys 

(10.4.2) / /i^®'^(^®6'o) ^ = / h^(tl;)v, where = e-^^""/i"(6'o), 

Jy, ITT'- Jy, ITT'- 

and Hq = /i^e^^™* is the fiat metric from 10.3. This shows that the corrected 
Hilbert field H^""^^ ^ is the direct image of E itself but with relative volume 
form 1/ given in (10.4.2). 
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It is also the direct image of the flat bundle {E', h§ ) = h^) ^ S x X, 

the pull back of E along the biholomorphism "^f: S x X Y, as in 10.3, but this 
time the relative volume form 

(10.4.3) = *V = (Ims)-"^e-^/^™"a;"^**/i'^(^o)/m! 

is to be used. If choices are made with care, the factor ^*h'^(9o) above can be 
represented more explicitly. Start with a nowhere zero holomorphic section G of 
Kx, the canonical bundle of X (endowed with the complex structure J{i))- Choose 
the half-form bundle kx of X so that it has a holomorphic section 6 whose square 
is 0. The pull back of Kx along ^r. S x X ^ X will be identified with ^*Kt^ as 
a holomorphic line bundle, and similarly pr*«;x with Finally, pick so that 
^f*6»o = pr*6', and let Bo = 6*0 <8) 6*0. Prom (10.4.1), restricted to {s} x X, 

**(/i^-(eo)w"') = i"^'m!**(eo A Go). 

Using (10.3.4), the left hand side is 

**/i^-(Go)**a;^ = **/i^-(Go)a;^(Ims)-"^, 

while the right hand side is 

z"^'m! pr*(e AG) = /i^^ (0)c 



where the metric h^^ on Kx is defined by h^^{a)uj'^ = i^^mla A a, a e Kx- It 
follows that **/i'^(^o) = **/i^-(Go)^/^ = /i^^(0)i/2(Ims)W2. 

Substituting into (10.4.3): 

(10.4.4) v' = (Ims)-"^/2e-^/^™*/i^^ (G)^/2a}^/m!, 

where again h^^{Q) and L are used both for functions on X and for their pull 
back to S X X. From (10.4.4) div^^ can be computed for ^ e VectS", and (8.2.6) 
gives a formula for the corrected curvature: 

Lemma 10.4.2. If condition (A) of subsection 7.2 holds, then the curvature of the 
corrected direct image field is given, for ip & A, by 

, ^ , d d\ LBL L2 2L m \^ 

(10.4.5) 4i?(^-, -jc, = - + -2^^r 



Seemingly this differs from the uncorrected curvature (10.3.6) by a central term 
only, but the difference is more important than that: the Bergman projections in 
(10.3.6) and (10.4.5) refer to differently weighted Bergman spaces. 

10.5. Summary. We continue with notation in 10.3-4. The analysis there 
proved the following: 
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Theorem 10.5.1. Consider the adapted Kdhler quantizations of an m- dimensional 
compact Riemannian manifold M, as described in 10.3-4- The resulting field of 
quantum Hilbert spaces can also be obtained as the direct image of a trivial Hermit- 
ian holomorphic line bundle over S x X, with relative volume form e^pr*i'o, where 
pr. S X X ^ X is the projection and 

(10.5.1) A{s,x) = —L{x)/Ims — mloglms, VQ=uj^/m\ 
for bare quantization, and 

(10.5.2) A(s,a;) = -L(a;)/Ims- (m/2)logIms, = h^"" {Q^/'^u'^ /m\ 

for half-form corrected quantization. Here X <Z N is open, contained in a T}- 
invariant open subset of N on which the complex structure adapted to (E^,/(i)) 
exists, and h^^iQ)^^"^ is the norm of a nonvanishing holomorphic section of Kx 
(assumed to exist). 

This implies 

Corollary 10.5.2. If L is bounded on X , then the resulting field of quantum Hilbert 
spaces, corrected or not, is analytic. 

Proof. In view of the assumptions and (10.5.1,2) this follows from Lemma 9.1.1 
Indeed, W^, of the lemma are independent of t e M, and with / = {i} a singleton, 
Vi = satisfies the hypotheses of the lemma. 

11. Groups and homogeneous spaces. 

The main emphasis of this section is on quantizing Riemannian manifolds that 
are Lie groups, using the family of adapted Kahler structures. The resulting fields 
of quantum Hilbert spaces, corrected or not, are analytic; the corrected fields are 
flat, while the uncorrected ones are in general not even projcctivcly flat. Some of 
the analysis applies to certain homogeneous spaces as well, and subsections 11.1-2 
are written in this generality. 

11.1. Normal homogeneous spaces. Suppose on a compact Riemannian man- 
ifold M a compact Lie group G acts on the left by isometries. The induced action 
on the manifold N of geodesies preserves each adapted complex structure. Assume 
the action on M is transitive, and fix a point a e M. The group has a left invariant 
Riemannian metric so that the map G 3 g ^ go & M is a, Riemannian submersion. 
Denoting by Go C G the isotropy subgroup of o, M can be isometrically identified 
with G/Go- Write g and go C 5 for the Lie algebra of G and Go, and let p C g be 
the orthogonal complement of go- Let exp stand for the exponential map g — > G 
(and later also for the exponential map C — > G*^ of the complexified group). 

We assume that M is a normal homogeneous space, which means that the metric 
on G can be chosen biinvariant. This has three consequences. First, the geodesies 

in M are of form t h- )■ 5f(expt^)o, with g E G and C ^ P (because t gexpt( are 
the geodesies in G that are orthogonal to the fibers of the projection G — )> G/Go). 
Second, the adapted Kahler structures J(s) exist on all of A^; third, the action of G 
on N extends to a holomorphic action of the complexified group G*^ on {N, J{s)). 
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The isotropy group of (the constant geodesic =) o 'm N is the complexification 
C of Go, so that (iV, J(.s)) is G"^-equivariantly biholomorphic to G'^/G^. 
This is proved in [Sz2] for s — i, and follows for general s from Theorem 10.2.3. 
The construction in [Sz2, Theorem 2.2], transcribed from TM to N, gives the 
following description of the equivariant biholomorphism (N, J{s)) — > G^/Gg. 
Any geodesic x:R ^ M ^ G/Go C G^/G^ can be continued to a holomorphic 
map C G'^/Gg, also denoted x; then ^{x) = x{s). That is, if x{t) — g{exptC)o, 
then 

(11.1.1) ^(x) = gie^sOG^ e G^/G^,. 

The map G'^ 3 g ^ go & N will be denoted q. 

The upshot of all this is that it is possible to quantize M by the procedure 
described in 10.3-4, by taking X — N . However, it will be instructive to be more 
general, and allow X C A'" to be an arbitrary connected G-invariant neighborhood 
of M C A. 

Theorem 11.1.1. The resulting field of quantum Hilbert spaces, corrected or not, 
is analytic. 

This will follow from Lemma 9.1.1 and Theorem 10.5.1, upon decomposing the 
quantum Hilbert spaces into G-isotypical summands. However, in the corrected 
version the factor /i^^ (9) in (10.5.2) has to be evaluated first. Let P: C®0 C(g)p 
denote projection along C Qo- 

Lemma 11.1.2. Kx has a G'^ -invariant holomorphic section O whose restriction 
to f\^TM is the Riemannian volume form of M. Further, let ( & p, g & G, and 
x{t) = g{expt()o be a geodesic. Consider the operators on C<S>p 

1 _ -tadC 

A^{t,C) = P(e-*-dC + -^-^ PadC)|C®p, 

I _ g-tad C 

^2(^,0 = ^^^;^^ 1*^®^' 

where (1 — e~**'^'')/adC is defined by its power series. Then 

(11.1.3) h''-{Q){x) = i^det{A*{i,0A,{i,0-Al{i,0A2{i,0)- 



(11.1.2) 



Proof. It can be assumed that X = N. Let P e {Kx)o restrict to the Riemannian 
volume form. Then g* (3 = (3 for g G Go, and by analytic continuation also for 
g E Gq. This implies that if x G A, and g G G*^ is such that gx = o, then g*(3 is 
independent of which g is chosen; therefore G(x) = g*P defines the section sought. 

Next, h^^{0) can be computed in the following way according to [LSz2, Theo- 
rem 5]. Take a symplectic basis ^i, . . . , ?7i, . . . ,r]m of Ta;A, i.e.. 



(11.1.4) 
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Denoting the induced action of E on TN by (C) c) ^ C"^, there is a smooth m x m 
matrix valued function 0° = (0^^) on S*^ minus a discrete set such that 

k 

This (p^ has a meromorphic continuation (p to a, neighborhood of holo- 
morphic near a = id (in fact, on aU of E\S°). Then 

(11.1.5) /i^-(e)(a;) = 2-|e(ei,... ,em)|'detlm0(id). 

To prove that this agrees with (11.1.3), by G-invariance it can be assumed that 
g = id so that x{0) = o. The Jacobi fields ^i,... ,r]m will be constructed as 
follows. If r G and g E G, write gr, rg G TgG for the left, resp. right, translate 
of r. When r G then gr ± gp, so that for any r G g we have q^^gr = q^gPr. 
Let Ci, • • • , Cm £ P be an orthonormal basis, and consider the vector fields along 

M — >■ M given by 

?.(exptC)Ai(t,C)Ci 

1 _ p-tad C 

g.(exptC)(e-^^'^^ + ^^^^ PadC)C,-, 

g*(exptC)-42(t,C)Cj = g*(exptC) 0- 

Here ?7j is the Jacobi field corresponding to the geodesic variation yu{t) — Q exp t{(+ 
uQ), according to the formula for the differential of the exponential map, see [Hel, 
Chapter II, Theorem 1.7]. In the term q^{expt()e~^^^'^(j = q^{Cj exptQ is the 
Jacobi field corresponding to the variation Xu{t) = q{Gx.pu(j){expt(). The other 
term is the same as r]j{t)/2, except that Q is replaced by P(adC)Cj ^ P; so it is 
also a Jacobi field. The upshot is that both ij,r]j are Jacobi fields, ^j, ?7j G T^N . 
From (11.1.6) ^j(O) = g*Ci; ^j(O) = 0? ^"^^ Vji^) — Q*Cj': hence when t = 

(11.1.7) CK^) = q*{ewtCyCj + q*{dAi{t,C)/dt)Cj. 

According to [GHL, 3.55] the first term on the right is the projection of a covariant 
derivative on G; namely, of the left invariant extension of Q, in the direction 
This covariant derivative, in turn, is [C,Cj]/2, see [GHL, 2.90]. As the last term in 
(11.1.7) is g,(-adC + PadC/2)Ci, 

C'jiO) = q. ([C, Q/2 - [C, 0] + P[C 0]/2) = 0. 
Hence by (10.2.1) ^j,r]j form a symplectic basis of T^N. From (11.1.6) 

^iW = $^V'ife(t)6(^), teR, 

k 

where •0(t) = {ipjkif)) is the matrix of A2{t,Q)Ai{t,Q)~^ in the basis Ci?--- Xm] 
by [LSzl, Proposition 6.11] and by analytic continuation it is symmetric, for any 
t G C. 



(11.1.6) 
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Suppose cr G E is a constant map at = a G M. Then ^jcr G T^aN agrees with 
Cj(a) G T^(^a)M C TxaN, hence the matrix 4>^{o') equals il){a) = il){ai). The map 
(S, 3 a ai & C being holomorphic, 0(id) = '(/'(i) follows. As this matrix is 
symmetric, 

(11.1.8) detlm0(id) = {2i)-^det{A2{i,C)Ai{i,C)-'-Al{i,C)-'A*{i,C)). 

Similarly, ©((^icr)^''^, . . . , {^rnO')^'^) is a holomorphic function of a, because each 
{Cjc)^'^ G T^'^X is, see [LSzl, Proposition 5.1]. When cr G S'^ as above, 

e((eia)i'°, . . . , = e°(eia, . . . , Cm^) = det^i(az, o, 

hence by analytic continuation to cr = id 

det A,{i, = G(^l'°, . . . , ej) = 0(^1, • • • , Cm). 
Substituting this and (11.1.8) into (11.1.5), (11.1.3) follows. 

Proof of Theorem 11.1.1. We will apply Lemma 9.1.1 and Theorem 10.5.1. The 
Hilbert field in question is the direct image of the trivial Hermitian holomorphic 
line bundle on x X, using a relative volume form v — e^pr*t'o- Here, by (10.5.1,2) 

(11.1.9) A(s,a;) = — L(a;)/Ims — mloglms, i^o = w'^/m!, resp. 
(11.1.10) 

K{s,x) = -L{x)/lms - (m/2)logIms, vq = h^"" {Qf/^uj"^ /m\, 

for bare, resp. corrected quantization, h^^{Q) given in (11.1.3). In both cases 
uq is G-invariant. It follows that G acts unitarily on each Hilbert space = 
L^(X, e^^vo), T G M, and on its subspace V'^ of holomorphic functions: the action 
of g E G on V & is gv = {g~^)*v (pull back by g~^)- The same formula 
also defines an action of G on 0{X), and the isotypical subspaces C 0{X) 
corresponding to irreducible characters x of G will play the role of the spaces Vi in 
Lemma 9.1.1. Accordingly, the conditions of the lemma have to be verified. 

Since M C X is maximally real, 0{X) 3 v v\M maps injectively in 
the x^isotypical subspace of L^{M). By the Peter- Weyl theorem this latter is 
finite dimensional, and therefore so is V-^. The restriction G — > GL(V^) of the G- 
representation on 0{X) extends to a holomorphic representation p: G^ — )■ GL(V^). 
Functions v & can be estimated pointwise as follows. In a fixed orthonormal 
basis vi, . . . ,Vn of V^, p is given by a matrix {pjk)- Let g E G, C, E and x G X 
be given by x{t) — g{ex.ptQo. Since grexpiC acts on G'^/G'^ by left multiplication, 
formula (11.1.1) for the G'^ equivariant biholomorphism N — > G'^/G'^ shows that 
X = g{expi()o, if o G M is identified with the constant geodesic = o. If v = ^ OikV^ 
then p({gexpiC)-^)v = Y.jkP3h{{.9^^vK)~^)(^kVj, and 

(11.1.11) \v{x)\ = 5^p,fe((^exp<)-i)afe^;,(o) < cie^^l^l = c^e'^^^\ 

because the operator norm of p{g) is 1 and of p((expiC)~^) is < e*^^!^'. Similarly, 
from (11.1.2,3) h^^{ef/^{x) < c^e^^^f^ . Finally, phase space integrals and 
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volumes can be easily computed by first integrating along the fibers and then over 
the base, see e.g. [C, Theorem 5.2, p. 227]. This gives 

/ cj'^/m! = cT^r"^ Vol M, 

am denoting the volume of the unit ball in M"^. Putting all this together, if T < 

Jx Jn rn\ Jo 

whether uq is given in (11.1.9) or (11.1.10), so that C V'^ . Since dim]/^ < oo, 
the norms (/i"^)^/^ are equivalent on V^, which proves assumption (i) of Lemma 
9.1.1. Since both multiplication by e'^^ and Bergman projection in are G- 
equivariant, (ii) of the lemma is satisfied; and (iii) is also, because the are the 
isotypical subspaces of V'^ as well, and their span is dense (see [He2, IV. Lemma 
1.9]). Hence Theorem 11.1.1 indeed follows from Lemma 9.1.1. 

11.2. Curvature. According to 9.2, the curvature of the direct image can 
be computed from certain Toeplitz operators. Continuing with the set up and 
the notation in 11.1, if r < is fixed, for a{s) < t/2 the Toeplitz operators 
P^(s): in question are multiplication by e^*^^'')~'^-'", followed by orthogonal 

projection in L^(X, b^^vq). Here A(s, ■) = a{s)L + b{s) and uq are given in (11.1.9), 
resp. (11.1.10). Often Px{s) turns out to be a scalar operator, and can be computed 
from a character integral. Let px consist of those C £ P for which the geodesic 
1 1-^ {exptQo is in X; this is an open subset of p. 

Lemma 11.2.1. Suppose dimV^ > and Px{s) is a scalar operator p^is) idy ■ 
Then 

(11.2.1) Px{s)= I I e«(^)l^l'+^(^)x(^oexp(-2iC))d,^ocJMC), 

J px J Go 

where doQo is normalized Haar measure on Go; for bare quantization ^ is a suitable 
translation invariant measure on p — possibly depending on x but not on s — , while 
for corrected quantization /i is the invariant measure multiplied by (of. (11.1.2)) 

(11.2.2) I det(^^(z, 0^1 (*, C) - A\{i, C)^2(^, 0)1'/'- 

Proof. The holomorphic function G'^ ^ 9 ^ x{9~^) € C is in the x-isotypical sub- 
space of the left regular representation of G"^ on 0{G'^), because the corresponding 
matrix elements are. Therefore v e 0{G'^) given by 

(11.2.3) v{g)= f x{9~'9o)do9o 

JGo 

is also in the isotypical subspace. Since v is invariant under translations by Go, 
hence also by G^, it descends to a f G V^- Now v ^ 0. Indeed, the projection of any 
w e L?{M) on the x~isotypical subspace is dim.x jQX{9~^) 9'^ dg. Take a tt e 



50 



UNIQUENESS IN GEOMETRIC QUANTIZATION 



with u{o) ^ (a suitable translate of any u' & {0} will have this property). 
The projection of w|M is of course itself, so 

Oy^ / x{9~^)u{g~^o)dg ^ / x{9~^)u{g~^g~^o)dgdogo 

JG JGxGo 

= (^J^ x{g~^go) dog}j u{g~^o) dg. 
Hence (11.2.3) shows that 5^0 and v ^ 0. Next 

I ^a{s)L+bi8)^-^^^ f ^p^(^s)v)ve^^uo = f p^(s)\vfe^^uo, and 
Jx Jx Jx 

(11.2.4) Pxi^)= I e^^^^-^+^'^^VlVo/ / e^^|i;|Vo. 

Jx Jx 

As L and vq are G-invariant, the first integral in (11.2.4) is 

(11.2.5) / ( / e"^+^|7^;|2c/7)z/o, 

Jx Jg 

the phase space integral of a G-invariant function. Let AT,, = qexj^ip c N consist 
of geodesies x such that x(0) = o, Xq = X fl No = qexpipx, and let dx, resp. 
dC, be the translation invariant measure on No ~ TqM, resp. p, normalized by the 
metric. When — uf^ jm\^ again by [C, p. 227], (11.2.5) equals 



(11.2.6) 



Vol(M) / / e«^(^)+''|77;(a;)pd7da; 
Jxo Jg 

= Vo\{M)[ [ e«l^l'+X7-i(expzC)o)pd7dC- 
J tlx Jg 



With the half-form correction included, in view of (11.1.3), (11.1.10) the integrand 
on the right of (11.2.6) has to be multiplied by (11.2.2), to yield, in both cases 

(11.2.7) / e"-^+>|2zyo = Vol(M) / 6^^'^^^+^ f \v{'y-^exptC)\''d'ydi^{C). 
Jx Jpx Jg 

To compute the inner integral on the right, let U — {Ujk) be a holomorphic 
matrix representation of with character x, unitary on G. li g — ■jexpi(^ with 
7 e G and ( E Q, write g* = (expzC)7~^ = 7"-^ exp(zAd(7)C), so that 

U{g*) = t/(exp<)[/(7-i) = f/(exp<)*t/(7)* = Uig)*. 

By the orthogonality of matrix elements, for gi,g2 € 

X{gil)x{g2l) d-f^ trf/(^i)f/(7) trf/(^2)f/(7) dl 
G Jg 



^ Uij{gi)Uji{-f)Uki{g2) Uiki'f) d^ 

i,j,k,l 
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L 



Go X Go 



As X is a class function, with C £ P and g = exp therefore 

Jg JGxGoXGo 

X{9i9~^ {929 ~^y)dogi dog2 / dim x 

x{92^9i{9*9)~^)do9ido92/ <^vca.X^ j x(^o exp(-20 do^o/ dimx- 

Substituting this into (11.2.7) and then into (11.2.4), the lemma is obtained, if one 
notes that the second integral in (11.2.4) is independent of s, and one subsumes all 
the constants into d^. 

11.3. Group manifolds. 

Theorem 11.3.1. Suppose M is a compact Lie group G with a biinvariant metric. 
If M is quantized by the family of adapted Kdhler structures (AT, J{s)), Ims > 0, 
and the half-form correction is included, then the resulting field of quantum Hilbert 

spaces ijcorr yjr^^_ 

Proof. The results of 11.1-2 apply with Go the trivial group and px = P = Q- 
Since P in (11.1.2) is the identity, one computes Ai{i,Q = (1 + e~**'^^)/2 and 
^2(2,0 = (1 - e-*^^0/adC, so that 

^"^det(A;(z,C)Ai(z,C)-At(^,C)A2(z,C)) -det(2sinadC/adC) >0 

in view of (11.1.3). The isotypical subspaces of L^(M) are invariant under the left- 
right action of G x G and are irreducible as G x G representations. It follows that 
the V-^ are also irreducible. As both L and uq are G x G-invariant, the Toeplitz 
operators Pj^(s) : — )■ V-,^ are G x G-equi variant, whence multiples of the identity 
by Schur's lemma. Which multiple, is given by Lemma 11.2.1: 

(11.3.1) pAs) - ^ e'^(^)l^l^+''(^)x(exp(-2zC)) (det dC 

dC denoting a suitable translation invariant measure on g. In light of Theorem 9.2.1 
all we have to show is that logp;^ is harmonic. 

Let T C G be a maximal torus, t C its Lie algebra with orthogonal complement 
t"*-, and W the Weyl group. The integral in (11.3.1) can be reduced to t. The map 

(11.3.2) G/T X t 9 {gT, r) ^ Ad {g)T e q 

is generically a |VF|-fold covering, and by computing its differential, one can relate 
the puUback of d( to the product of the G-invariant measure onG/T and the trans- 
lation invariant measure on t. The puUback measure turns out to be | det ad r 1 | 
times an invariant product measure. The computation is the same as for Weyl's 
formula, see e.g. [BD, IV. (1.8)]. If R denotes the set of (nonzero) roots, the eigen- 
values of adrlt"*- are zq;(t), a E R, and as the negative of each root is also a root. 
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the factor above is JlaeT? "(t)- Thus the integral of any Ad G-invariant / e -£'^(0) 
can be computed upon puUing back by (11.3.2): 

(11.3.3) / /(C)dC = / /(r) n ^i^)dT, 

with dr a suitable translation invariant measure. Denoting by C i? a choice of 
positive roots, the constituents in (11.3.1) restrict to t as 

2sinadT\ ""^^^ TT 2 sin zQ;(r) \ ^'^^ -p-r 2shQ!(T) 
adr ) =111 i«(^) I = 11 «(r) ' 

x(exp(-2iT)) = e^^^^'Metw/ JJ sha(T), 

wew aeR+ 

this latter by Weyl's character and denominator formulas, see [Kn, Theorem 5.113]. 
Here A: t — > M is a linear form, the highest weight of x plus X]a6_R+ "^/^j and det w = 
±1 is the determinant of w.t t. Further, J|^^^+ q;(wt) = det w q:(t). 
This is obvious for reflections w E W that change the sign of one positive root 
and permute the others, and it follows in general because W is generated by such 
reflections, see [BD, V. (4.6) Corollary and (4.10) Lemma]. Therefore by (11.3.1,3) 



(11.3.4) 



t .,,^TT/ „ ^ T->-l- 



t _ _ 7->_l_ 



Denoting by A* e t the dual of A G t* with respect to the inner product on t, the 
substitution r — >■ t j \/—a — X* /a transforms the last integral into 

(11.3.5) (_a)-(d^-t)/2g6-|A*|Va /"e-lrp -Q a{T/^-X*/a)dT. 

aeR+ 

Lemma 11.3.2. The function naeJt+ ^ harmonic on i. 

Accepting this for the moment, by the mean value theorem the integral in (11.3.5) 

is 

\R+ 



e-l-l W «(-A7a)dT = 7r(d^-^)/2(-a)-l^^l J] a(A*). 

aeR+ aeR+ 



Now a{s) = — 1/Ims and b{s) = — (m/2) loglm s. Since C g is the direct sum 
of C ® t and the one dimensional root spaces Qq,, ct G i?, it follows that m = 
dimt+2|i2+|, and (11.3.4,5) give 



Px 



(s)= const (Ims)l^^l+(<i'"^*-™)/2g|A*|^im.^ const el^*l'I"^^ 



with the constant depending on x but not on s. Hence ddlogp^ — 0, and H'^'^^^ is 
flat by Theorem 9.2.1. 
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Proof of Lemma 11.3.2. See [Hc2, Chapter III], immediately after Corollary 3.8. 
Alternatively, the lemma can be deduced from Weyl's denominator formula 

W sha(T)= e^^'^^Mettu, P = «/2. 

The right hand side is manifestly an eigenfunction of the Laplacian A. Hence 
naefl+ '^(^)' lowest term in the homogeneous expansion of the left hand side, 
must be annihilated by A. 

In [Hu, Lemma 3.3] Huebschmann already computed the integral in (11.3.1), and 
in fact the integrals in (11.2.5) when X = G"-^, by somewhat different means. 

Without the half-form correction little changes formally: in the integrand in 
(11.3.1) the last factor is omitted, which leads to 



(11.3.6) = const f e'^l-l'+''+2Mr) 



"<^'^ dr. 



shair) 

When G is commutative, the uncorrected integral is the same as the corrected, 
except that now 6(s) = — mloglms, so that 

, , mds A ds 
^^^^ ' 8(Ims)2 

This is still independent of Xi ^^d H is projectively flat. However, with a noncom- 
mutative G matters are altogether different. For example, if G = SU(2), 

T = {diag(e'*, e"^*): t G M}, t = {r = idiag(t, -t): t e M) C su(2), 

the roots are a(r) = ±2t, of which we take 2t as positive. In (11.3.6) the possible 
A are A(r) — {k + l)t, /c = 0, 1, . . . . Hence p^ is constant times 

/ e-* +'—^ t'dt= / e-* +'- t^dt 

Jr sh2t 7m e2*-e-2* 

= f e«^'+''^e2('=-Wdt = (Ims)-3/2^ e^''-^^^"'^' {l + 2{k - 2jflms) . 
j=o j=0 

Now ddlogp-)^ depends on x, i-e. on k. Indeed, write Uk{s) for the last sum above. 
Comparing the cases of k = and a general k one sees that dd logp^ is independent 
of k only if logttfe is harmonic. But logMfc(s) is a function of Ims, and not a 
linear function at that; hence it is not harmonic. Therefore by Theorem 9.2.1 the 
uncorrected direct image is not projectively flat. 

11.4. A variant. Even if the adapted Kahler structures of a compact group 
M — G exist on the entire space N of its geodesies, quantization can be based on 
any open X G N. A little calculation shows that, in general, the resulting field 
of quantum Hilbert spaces will not be projectively flat. For example, let G = S^, 
r > 0, and let X consist of geodesies of speed < r. From Lemma 11.2.1 



= const f e^'^'+^e^'^'^dC, 

J — r 
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G Z parametrizing the irreducible characters of S^. The substitution ^ = r — 
t/{k + ar) evaluates the integral as 

„ar'^+2kr+b n2r{k+ar) „ar'^+2kr+b 

/ e«* /('=+«^) 

k + ar Jq 2{k + ar) 

when k ^ oo, and similar asymptotics hold for the s-derivatives of the integral. 
Hence 

dd\ogp^{s) = dd{a{s)r^ + b{s)) + {r/k)dd{l/Iins) + o{l/k). 

This again depends on A;, so by Theorem 9.2.1 the fields H and i^^orr 
projectively flat. 

12. Symmetric spaces. 

12.1. At least for some symmetric spaces the computations outlined in 11.1-2 can 
be made concrete enough to show that the curvature of the associated field of quan- 
tum Hilbert spaces is not central. Suppose M is a compact Riemannian symmetric 
space, G the identity component of its isometry group and Go the isotropy group 
of a fixed o e M. This fits into the framework of 11.1-2, and wc continue with the 
notation introduced there. To quantize M the family of adapted Kahler structures 
on all of will be used. The isotypical subspaces of the G-module L^(M) are 
irreducible, hence so are the F^. As in 11.3, this implies that Py_{s):V^ — )■ are 
scalar, and by Lemma 11.2.1 they are 

(12.1.1) Pxis)= [ [ e^^'^\^\"+'^'^x{9oeM-'^iO)do9odfi{C) 

Jp J Go 

times the identity. We will only treat half-form corrected quantization; then // is 
expressed through the operators Ai, A2 in (11.1.2). Now [go, 0o] C Qo and [Qo, P] C p 
hold for all normal homogeneous spaces, but for symmetric spaces also [p, p] d Qo- 
Therefore if C e P then PadC|C (g) p = 0, 

Ai(i, C) = cosadCiC (g) p, A2(i, C) = ■^(sinadC)/adC|C (g) p, and 
det(A*(i, C)Ai(i, C) - A*(i, C)A2(i, 0) = det((sin2adC)/adC|C p) > 0. 

The functions f{g) = x{9o9~^)dogo are known as spherical functions, see 
[He2, IV., Theorem 4.2]. For example, when m > 2, and Go =SO(m) is embedded 
in G =SO(m + 1) as matrices g — {gij)o<ij<m with goQ — 1, so that G/Go ~ 

S'^, the characters x for which ^ are parametrized by k = 0,1,2, The 

corresponding spherical functions f = fk satisfy fkig) = <fkigoo), where 

(12.1.2) (fi k {cos t) = Cm / {cost + isintcosu)'^ siii^~^ udu, 

Jo 

see [He2, p. 23], or [Vi, pp. 457-8 and (6), p. 483]. Thus 



(12.1.3) p^ = J e«l'^l'+Vfc(exp-2iC)Wdet(^^^^^^|C® p) dC 
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Here p consists of matrices ( = (dj) G so{m + 1) such that Qj — if i,j > 0. The 
integrand is invariant under the adjoint action of SO(m). As S"^ has rank one, the 
orbits of this action are m — 1 dimensional spheres. Therefore polar coordinates will 
reduce the integral in (12.1.3) to an integral along any ray in p, for instance, along 
the ray spanned by Z = (Zij) e p whose only nonzero entries are Zqi = —Zio = 1. 
Now fk{exptZ) = (fkicost), so that by analytic continuation 



on the line spanned by Z 

—Id on the orthogonal complement in p, 



/fe(exp -2itZ) = (fk{cos -2it) = / (ch 2t + sh 2t cos uY sin'" ^ u du. 
Taking into account that 
(adZ)2 = 

one computes det((sin2adtZ)/adtZ|C ® p) = (sh"^-i2t)/t™-^ and from (12.1.3) 

/"OO 

(12.1.4) = const / e"*' (sh2t)('"-i)/2^('"-i)/Vfc(cos -2it) dt. 

JO 

(Here the metric on S'^ is defined by the Killing form on SO(m +1)-) 

Theorem 12.1.1. When quantizing the sphere S'^ , the corresponding field H'^°'^^ 
of quantum Hilhert spaces is flat when m = 1,3 and not even projectively flat 
otherwise. In fact, when m >2 

, / ^ (m ~ l)(m - 3) ds A ds I \ 

as k ^ OO, locally uniformly in s. 

Proof. Both 5"^ and are compact Lie groups with biinvariant metrics, so that 
their field of quantum Hilbert spaces is flat by Theorem 11.3.1. Now assume m ^ 
1,3. By the mean value theorem \af^ — fi^\ < k\a — /3\ if a, /3 G [0, 1]. Hence 

,.,(cos-2zt) =e^^* r('-±^ + e-'^'-^)\in--^udu 



k 



(12-1-5) _.2fcW r/l+COS«. .m-2„,,, , ^/,_-4t 



= akc'"'* + 0{k)e^^''-^^\ 
Here O is uniform for /c, t > (the constant implied is < tt), and 

(12.1.6) a^>^'(^i±|^^ siir-^udu> {1-eY s'^^^^'^udu, 

< e < 1. Write q= {m — l)/2. Again, by the mean value theorem 

(12.1.7) sh.m = e2^*(l - e-^*)«2-« = 2-^6^^* + 0{e^^'^-^^*). 
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Dropping the error terms in the integral in (12.1.4) gives 2 ^ctfe times 
(12.1.8) ^^-V.,*.,,.,,,,. Ji0Le-(-.)V«|°^,-«'(l + ^^y,« 

(by the substitution t = 6/^/^ — {k + q)/a). The last integral is 



r[k+q V-a / Q^/^\1 „ 



V 4(A; + g)2 

with O uniform as long as a = a{s) stays bounded. Thus the main term in the 
integral in (12.1.4) is 

^^^■^■^> 2«(-a)^+V2 ^ 4(A; + 5)2+^i^A;4j;- 



The contribution of the error terms in (12.1.5,7) to the integral in (12.1.4) is 
integrals like (12.1.8) except that k is replaced by A; — 2 and/or g by g — 2; and 
possibly the integral is multiplied by k. These modified integrals can be estimated 
by an expression like the main term in (12.1.9), except that ak should be replaced 
by k and the exponential factors should be replaced by something < e~^'^"'"^~^^ = 
g(2fc+i)/ag-(fc+g) /a jjgn^g (12.1.6) implies that the contribution of the error terms 
can be subsumed in the error term in (12.1.9), and 

(12.1.10) .,(.) ^ ft e<-«."- . (l + ^0-^^ + O (-1) ) . 

Here > is independent of s and O is uniform as long as Ims > is bounded 
away from 0. 

Higher s and s derivatives ofp^{s) are obtained from (12.1.4) upon differentiating 
behind the integral sign, and the resulting integrals can be estimated as above. 
This proves that (12.1.10) holds in fact in the C°° topology, whence ddlogp^ can 
be computed formally from (12.1.10): it is 

I ^( ^ \ ^ irn-l){m-3) dsAds . 
4:{k + q)Hms \k^ J 8(2/c + m-l)2 (Ims)^^ V^V' 

and depends on k. Therefore by Theorem 9.2.1 H^"^^ is not projectively flat. 

12.2. Factoring out symmetries. The above computations throw some light 
on the problem of reduction in quantization. Suppose a mechanical system, with 
classical configuration space a Riemannian manifold M, admits a group G of sym- 
metries. Thus G acts on M by isometries. The question is how to reduce the cor- 
responding quantum Hilbert space, i.e., how to factor out the symmetries. Should 
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one first construct the quantum Hilbcrt space % of M, on which G acts unitarily, 
and then pass to the subspace 'Hp of fixed vectors; or rather quantize the quotient 
M/G (assumed to be a manifold)? 

Suppose M is a compact Lie group with biinvariant metric, G C M is a closed 
subgroup, that acts on M by left translations, and the quantum Hilbert spaces are 
constructed from the adapted Kahler structures on the entire phase space. In the 
first method of reduction, the field H ^ S oi (corrected) quantum Hilbert spaces 
for M is flat, hence so is the subfield H*^ — )> of fixed vectors, by Theorem 11.3.1 
and Lemma 6.4.1. Therefore the quantum Hilbert spaces if^, s E are canoni- 
cally isomorphic. On the other hand, in the second method of reduction, at least 
when G =SO(m) acts on M =SO(m + 1), the field of quantum Hilbert spaces for 
S'^ Ri M/G will not be projectively fiat, and the quantum Hilbert spaces corre- 
sponding to different adapted Kahler structures will not be (projectively) canoni- 
cally isomorphic. This suggests that the first method of reduction is favored over 
the second. 
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